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ZeI'OS Of Random POlynomialS (work with Larry Shepp)

Consider a random polynomial:
P,(z) = anzj, z € C,
=0

where 1, ..., n, are independent standard normal random variables.
The distribution of the zeros for, say, n = 5 looks like this...
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Let v,(S2) denote the number of zeros in a set ) in the complex plane.

For each measurable set () C C,
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Limiting density in the complex plane:
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Limiting density on the real axis:
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Consider a random sum of basis functions f;(2):

P,(z

)= anfj<z>7 zeC

We assume that the basis functions are real on the real line.

Some interesting choices include:

Polynomials:
Taylor Polynomials:

Weyl Polynomials:

Root-Binomial Polynomials:

Fourier Cosine Series:

Fourier Sine/Cosine Series:

(okay, not so interesting)



For each measurable set ) C {z € C | Dy(z) # 0},

Ev,(Q) = / ho(x + iy)dxdy,
Q
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For each measurable set 2 C {z =x+iy € C|y # 0},

Ev,(Q) = / ho(x + iy)dxdy,
Q

where
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and where

Aoz) = ) 2%, Buo(z) = ) |+%,
=0 Jj=0

Ai(z) = ijZj, Bi(z) = Zj‘z‘Qja
j=0 j=0

Ax(z) = ) %27, By(z) = > _j*2[%,
=0 j=0

Di(2) = 1/ Bo(2)? — | As(2)]2



On the real line, the function Dy vanishes. For each Borel measurable set () C R,

Ev,(Q) :/an(a:)da:,

where
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From the , We get

1 n(2)
w8 =0 o B

Taking the expectation, interchanging expectation and integration and then applying

, we get
1 P! (2)
Ev,(Q)) = E
Vn( ) 27TZ o0 Pn(z)dz
0 P(z)
= E——dxd
00z P,(z) e

The rest is tedious (and perhaps nontrivial) algebra/calculus.

NOTE: The derivative of the expectation of P/(z)/P,(z) is a function of both z and Z.



Polynomials:  f;(z) =2/, n=10
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Weyl Polynomials:  f;(z) =2//y/jl, n =280
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Taylor Polynomials:  f;(z) =27/j!l, n=10
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Root Binomial Polynomials:  f;(z) =,/(")z/, n=10
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Fourier:  ag+ ajcos(z) + agcos(22) + - -+ + ag cos(92) + ayg cos(102)
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Sine/Cosine Fourier:  ag+ a;sin(z) + ay cos(z)
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Qo + o sin(z) + ap cos(z) + - - - + g sin(bz) + oy cos(52)
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Ay(2) = m+1 By(z) = m+1+2§:sinh2(jy>
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Densities of the Real Roots n =10

The function g, for n = 10 for several choices of the f;'s:

Polynomial

Fourier Cosine
Fourier Sine/Cosine
Fourier Cosh

— — Root Binomial
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