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Classic Map Projections...



Equirectangular Map



Mercator Map



Winkel Tripel Map



Nicolosi Map



Aitoff Map



Mollweide Map



Lambert Map



Wagner Map



Azimuthal Equidistant



e Skewness
e Flexion

e Isotropy
e Area

e Distances

e Boundary Cuts

Winkel Tripel is “best”



A New Map Projection...



Gott-Goldberg-Vanderbei Map



It’s a Two-Sided Map



Let’s Minimize Stress



Imagine a Large Rubber Earth Ball



Suppose it has an Expandable Metal Ring Inside
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Suppose that the y-axis is the polar axis and hence the equatorial ring is in the (x, z) plane.
Now let’s stretch the ring so that it has a radius larger than its default value of, say, 1.

Without loss of generality, we can focus on just one longitudinal plane, let's say the one
associated with z = 0.

As shown above, the geometry of the stretched ball can be described by two functions
f and g.
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Let x and y denote the coordinates of the unstretched ball and
let £ and 3 denote the coordinates of the stretched ball.
If we let 6 denote the angle down from the North Pole, then we have
z(0) = sin(0), y(0) = cos(0) and z(0) = f(0), §(0) =g(0)

According to physics, the shape of the stretched ball will be such that the integral over the
ball's surface of the magnitude squared of the stress tensor is minimized.



stretched circular slice, let o(0) de- - AN
note the stress in the direction tan- / 6 —
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the stress in the direction perpendic- | |
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slice.

Working with infinitesimal perturbations, we have

|(dz, dy)|| = /dz? + dy? = \/(3082 ) +sin®(0) df = db.

and

|(dz, dg)|| = VAT + di = \/ f'(6) + ¢'(6)* db.

and from these it is easy to compute o(f):
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Computing p(6) is even easier:




Minimum Stress Problem
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Question:

Is the optimal function linear: fl0)=cO?



Question:

s the optimal function linear: fl0)=cO?

Conjecture:

Maybe



Objective Function:

S(f) =

Perturbation:

Critical Points:

— 1) )27 sin(#)dd




S(f+edf) = 5(f)
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Simpler notation...
p tat @th S(f+edf)—S(f)

af e—0 €



Set the differential to zero...
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Substituting this into our equation defining critical points, we get

0 = (f(m/2)—1) Of(x/2)

/2
_ / (f”(e) sm(e)+(f’(9)—1)008(9>—S{n((ge)) +1> of (0)do

0

This equation must be equal to zero for all valid choices of the perturbation function Of.
Hence...



Differential Equation:

sin®(0) f(0) + sin(0) cos(0) f'(8) — f(0) = sin(6) cos(d) — sin(#)
f(0) =0
fl(m/2) = 1.



sin?(0) f(0) + sin(0) cos(0) f/(0) — f(0) = sin() cos(d) — sin(0)
f(0) =0
fl(w/2) = 1.

Let's try f(0) =6...

sin®(0) f"(0) + sin(@) cos(0) f'(0) — f(0) = sin(f) cos(d) — 0
# sin(6) cos(0) — sin(0)

Almost but no cigar.



s = DSolve[ {Sin[x]~2*y’’ [x]+Sin[x]*Cos[x]*y’ [x]-y[x]==Sin[x]*Cos[x]-Sin[x],
yL0]==0, y’[Pi/2]==1}, y[x], x] // FullSimplify
flx_]=y[x]/.s[[1]]

The output produced by Mathematica (with x changed to 0) is
f(6) =log(2) tan(8/2) — 2 cot(8/2) log(cos(6/2)).

syms f(x)
f1 = diff(f,x);
f2 = diff(£f,x,2);

ode = sin(x)"2 *x f2 + sin(x)*cos(x) * f1 - f == sin(x)*cos(x) - sin(x);
condl = £(0) == 0;

cond2 = f1(pi/2) == 1;

conds = [condl cond2];

fSol(x) = dsolve(ode,conds)
fSim(x) = simplify(fSol(x), ’steps’, 14)

The output produced by Matlab (again with = changed to ) is

~ log(cos(6)/4 +1/4) + 2log(e” + 1) cos(6) — log(2) cos() — 6 cos(0)i
119) = sin(6)

NOTE: These two functions look different, but they are the same.
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Let's look at the second order differential in every possible perturbational direction...

&S . S(f+28f) = 28(f) + S(f — £ Of)

of? -0 c2

Let’'s compute...

S(f+e0f) —25(/) +5(f—cof) _ Sf+edf)=5(f) , Slf—edf) =5
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Ergo, it's a minimum!



THANK YOU



Solving the Differential Equation

Let
9(6) = sin(6) £ (9).

The differential equation in terms of g:

sin(6)g” (0) — cos(6)g'(6) sin(f) cos(#) — sin(6)

9(0) = 0
Jd(x/2) = 1.

Let
h(0) = g'(0)

The differential equation in terms of A:

sin(0)h'(0) — cos(9)h(0) = sin(f)cos() — sin(8)

—_

The solution is:
h(0) = sin(0) + log(cos(f) + 1) sin(h).

Integrating, we get:
g(0) = 2log(2) — (COS(G) + 1) log(cos(f) + 1)

and from that we get:

o) — 21og(2) — (cos(@) + 1) log(cos(#) + 1)
B sin(6) '



