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Make something.
Make it better.
Make it better yet.

Make it still better.



Constrained vs. unconstrained.
Convex vs. nonconvex.

Smooth vs. nonsmooth.
Continuous vs. discrete (integer).

Local vs. global.

My main interest: finding locally optimal solutions to nonconvex, constrained, smooth opti-
mization problems in which all variables are assumed to be continuous (based on LOQO).

Black-box-around-legacy-code vs. start-from-scratch (Dennis vs. Betts).

My main interest: the start-from-scratch approach (based on AMPL).



LOQO solves problems in the following form:

minimize f(x)
subject to b < h(x) < b+,
<z <u

The functions f(z) and h(x) must be twice differentiable (at least at points of evaluation).

The standard interior-point paradigm is used:
e Add slacks.

e Replace nonnegativities (e.g.,, w > () with parametrized logarithmic barrier terms
(—ulogw) in objective function.

e Write first-order optimality conditions.
e Rewrite optimality conditions in primal-dual symmetric form.

e Use Newton's method to get search directions...



e Use Newton's method to get search directions:

e e

_ [Vf(fff) — Al(z)y
—h(x) + uY e

Here, D and E are diagonal matrices involving slack variables,
H(z,y)=V°f(z) — Zyiv2hi(x) + A, and A(x) = Vh(x),
i=1

where A is chosen to ensure appropriate descent properties.
e Compute step lengths to ensure positivity of slack variables.
e Shorten steps further to ensure a reduction in either infeasibility or in the barrier function.

e Step to new point, reduce barrier parameter (1) and repeat.



Telescope Design

for Planet-Finding



e DETECT: Search 150-500 nearby (5-15 pc distant) Sun-like stars for Earth-like planets.

e CHARACTERIZE: Determine basic physical properties and measure “biomarkers”, indi-
cators of life or conditions suitable to support it.

e If the star is Sun-like and the planet is Earth-like, then the reflected visible light from the
planet is 1071 times as bright as the star. This is a difference of 25 magnitudes!

o If the star is 10 pc (33 ly) away and the planet is 1 AU from the star, the angular
separation is 0.1 arcseconds!

e A point source (i.e. star) produces not a point image but an Airy pattern consisting of
an Airy disk surrounded by a system of diffraction rings completely covering the nearby
planet.

e By apodizing the entrance pupil, one can control the shape and strength of the diffraction
rings.



The image-plane electric field E() produced by an on-axis plane wave and an apodized
aperture defined by an apodization function A() is given by

E(,¢) = / / £ A, ) dyda
O

E(p) = 2n /1/2 Jo(rp)A(r)rdr,
0
where J, denotes the O-th order Bessel function of the first kind.
NOTE: The electric field depends /inearly on the apodization function.
The unitless pupil-plane “length” 7 is given as a multiple of the aperture D.

The unitless image-plane “length” p is given as a multiple of focal-length times wavelength

over aperture (f\/D) or, equivalently, as an angular measure on the sky, in which case it is
a multiple of just A\/D. (Example: A = 0.5um and D = 10m implies A\/D = 10mas.)

The intensity is the square of the electric field.



Inner and Outer Working Angles

piwa powa
Contrast:
E*(p)/E*(0)
Airy Throughput:
Piwa
/ E*(p)2m pdp -
0 2
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Find apodization function A() that solves:

1/2
maximize / A(r)2mrdr
0
subject to —107°E(0) < E(p) < 107°E(0), Piva < P < Powas
0< A(r) <1, 0<r<1/2



Find apodization function A() that solves:

1/2
maximize / A(r)2mrdr
0
subject to —107°E(0) < E(p) < 107°E(0), Piva < P < Powas
0< Alr) < 1, 0<r<1/2,

—50 < A"(r) < 50, 0<r<1/2

An infinite dimensional linear programming problem.



function JO;

param pi := 4*atan(1);
param N := 400; # discretization parameter
param rhoO := 4;

param rhol 60;

param dr := (1/2)/N;
set Rs ordered := setof {j in 0.5..N-0.5 by 1} (1/2)*j/N;

var A {Rs} >= 0, <=1, := 1/2;

set Rhos ordered := setof {j in 0..N} j*rhol/N;
set PlanetBand := setof {rho in Rhos: rho>=rhoO && rho<=rhol} rho;

var EO {rho in Rhos} =
2xpixsum {r in Rs} A[r]*JO(2*pi*r*rho)*r*dr;

maximize area: sum {r in Rs} 2*pix*A[r]*rxdr;
subject to sidelobe_pos {rho in PlanetBand}: EO[rho] <= 10~ (-5)*E0[0];
subject to sidelobe_neg {rho in PlanetBand}: -10"(-5)*E0[0] <= EO[rho];

subject to smooth {r in Rs: r != first(Rs) && r != last(Rs)}:
-50*dr~"2 <= A[next(r)] - 2*A[r] + Alprev(r)] <= 50*dr~2;

solve;
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Recall that for circularly symmetric apodizations

1/2
E(p) =2 / Jorp) Alr)rdr,

where J, denotes the O-th order Bessel function of the first kind.

Let
_ 1 T2j§rgr2j+1v j20717°'°7m_1
Alr) = { 0  otherwise,

where
OSTOST1§"‘§T2m—1§1/2-

The integral can now be written as a sum of integrals and each of these integrals can be
explicitly integrated to get:

(7”2j+1r]1 (PT2j+1) — 91 (pTZj)) :



m—1

maximize E T(T5i 1 — Ta)
J=0

subject to: — 10°E(0) < E(p) < 107°E(0), for po < p < ps

where E(p) is the function of the r;'s given on the previous slide.

This problem is a semiinfinite nonconvex optimization problem.



function intrJO;

param pi := 4*atan(1);

param N := 400; # discretization parameter
param rhoO := 4;

param rhol := 60;

var r {j in 0..M} >= 0, <= 1/2, := r0[j];

set Rhos2 ordered := setof {j in 0..N} (j+0.5)*rhol/N;
set PlanetBand2 := setof {rho in Rhos2: rho>=rho0O && rho<=rhol} rho;

var E {rho in Rhos2} =

(1/(2*pi*rho)"2)*sum {j in 0..M by 2}
(intrJO(2*pi*rho*r[j+1]) - intrJO(2*pi*rhox*r[jl));
maximize area2: sum {j in 0..M by 2} (pi*r[j+1]°2 - pixr[jl~2);
subject to sidelobe_pos2 {rho in PlanetBand2}: E[rho] <= 107 (-5)*E[first(rhos2)];
subject to sidelobe_neg2 {rho in PlanetBand2}: -107(-B5)*E[first(rhos2)] <= E[rho];
subject to order {j in 0..M-1}: r([j+1] >= r[j];

solve mask;
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Consider a binary apodization (i.e., a mask) consisting of an opening given by

Az, y) = { (1) L?S'f o)

We only consider masks that are symmetric with respect to both the z and y axes. Hence,
the function a() is a nonnegative even function.

In such a situation, the electric field F(&, () is given by



Because of the symmetry, we only need to optimize in the first quadrant:

N

maximize 4/ a(x)dx
0

subject to — 107°£(0,0) < E(£,¢) < 107°E(0,0), for (£,() € O
0<a(x) <1/2, for 0 <z <1/2

The objective function is the total open area of the mask. The first constraint guaran-
tees 10710 light intensity throughout a desired region of the focal plane, and the remaining
constraint ensures that the mask is really a mask.

If the set O is a subset of the x-axis, then the problem is an infinite dimensional linear
programming problem.
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PSF for Single Prolate Spheroidal Pupil







Space Occulter Design

for Planet-Finding



Telescope Aperture: 4m, Occulter Diameter: 50m, Occulter Distance: 72, 000km




Shadow =

Circular Occulter
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Shadow =

Shaped Occulter
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Apodized Occulter

Radial Attenuation A(r)

e The problem (as before) is diffraction.
e Abrupt edges create unwanted diffraction.

e Solution: Soften the edges with a partially trans-
mitting material—an apodizer.

e Let A(r,0) denote attenuation at location (r,6)
on the occulter.

e The intensity of the downstream light is given by
the square of the magnitude of the electric field

E(p, ¢).

e Babinet's principle plus Fresnel propagation gives
a formula for the downstream electric field:

27

=1- —/ / exs(r +f’Q*Q"pCOS(‘Q*‘f’))A(r 0)rdodr.
iz ’

where

— 2z is distance “downstream’” and
— X is wavelength of light.



minimize Y

subjectto —y < R(E(p)) <~y forpeR, IeA
—y <S(E(p) <y forpeR, €A

A(r) <0 for0 <r <R

—d < A"(r)<d for0<r<R

Specific choice:
R=25 d=004, R=1[0,3, A=[0411]x107°
where all metric quantities are in meters.
An infinite dimensional linear programming problem.
Discretize:
e [0, R] into 5000 evenly space points.
e R into 150 evenly spaced points.

e A into increments of 0.1 x 1079,



e From Jacobi-Anger expansion we get:

27
Az

—Z

QW

e
eArz P Jo

2mrp

= > A(r)rdr

zAz

in (24
< exs (") Iy
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(zm) sin( ka (r), dT)

where N is the number of petals.

e For small p, truncated summation well-

approximates full sum.

16-Petal Occulter A(r, )

e Truncated after 10 terms.

e \ € [0.4,1.1] microns.

Radial Attenuation A(r)

o 2 = 72,000 km, R =25 m.

e In angular terms, R/z = 73 mas.



Celestial Mechanics: The N-Body Problem



Given: n bodies.

Let:

m; denote the mass and
z;(t) denote the position in R* = C of body j at time ¢.

Action Functional:

a= [ S Pl 3 e a
0

jkik<j H ] _ZkH

Critical points satisfy equations of motion.

Minimize!



First Variation:

2m P (28 — 22)(628 — 027)
A= /o 2 (ijzj 2 = D mim [ —4”3 “

@ g.k:k<jg

= / ZZ (m]zj + Z mjmkHZ zk?’) 0z5dt

kik#j

Setting first variation to zero, we get:

72—z
o = L =1,2 =1,2
m]ZJ mjmkHZ — H?” J o , 1, a = 1,
el J &

Note: If m; = 0 for some j, then the first order optimality condition reduces to 0 = 0, which
is not the equation of motion for a massless body.



param N := 3; # number of masses
param n := 15; # number of terms in Fourier series representation

param m := 100; # number of terms in numerical approx to integral

param theta {j in 0..m-1} := j*2*pi/m;

var x {i in 0..N-1, j in O0..m-1};
var y {i in 0..N-1, j in O0..m-1};

var xdot {i in 0..N-1, j in 0..m-1}

= if (j<m-1) then (x[i,j+1]1-x[i,jl)*m/(2%pi) else (x[i,0]-x[i,m-1])*m/(2%pi);
var ydot {i in 0..N-1, j in 0..m-1}

= if (j<m-1) then (y[i,j+1]1-y[i,jl)*m/(2%pi) else (y[i,0]-y[i,m-11)*m/(2*pi);

var KineticEnergy {j in 0..m-1} = 0.5%sum {i in O..N-1} (xdot[i,j]l"2 + ydotl[i,j]l"2);
var PotentialEnergy {j in 0..m-1}
= - sum {i in O0..N-1, ii in O..N-1: ii>i}

1/sqrt ((x[i,j1-x[ii,j1)"2 + (y[i,jl-ylii,j1)"2);

minimize A: (2*pi/m)*sum {j in O0..m-1} (KineticEnergy[j] - PotentialEnergy([j]);



The previous AMPL model was used to find many choreographies (a la Moore and Mont-
gomery/Chencinier) in the equimass n-body problem and the stable Ducati solution to the
3-body problem.
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