
Appendix B 

Discrete-Space Markov Processes 

by Roben J. Vanderbe; 

In thi, secti .... "'e introduce the buic co,.;eplS of com inoous-l ime Mmov pro­
oessco wilh do""",. orale.pooce E. W ... ,ume lhallhc readn-h,.. some familiar· 
it)' ",;(11 Marl<ov proo:>:SScS and lhallhi. s«t;"" oerve, III<I6Ily as • re¥;'w, A good 
reference for litis malOrio! is Dynkin IDy]. 

B.1. Generators and Transition Semlgroups 
In !he disc",u"space oetting, Markov ~ on: eSp«;"lI y ... y .o grasp. Bui· 
cally, if the 1""""" is al oome " alex E 1:. lhen i1 wil1.illhen: unlilannpooential 
clock tick., al whict. lime il "'ill iuml' 10. new slllC y. TIle •• ponenlial do<t thai 
"""trol.jumps from ..- 10 ,lick. a t ra1e a(x . ,) '! 0." jIl y. To make en en,ire 
arroy (>UI of ai', 'J, ....., define a(x. x ) so lhat 

L a(.r,Yl · O. , (B.I) 

TIw is, .. (.t. xl _ - E n '" a(x. y). We lei L dffloLe lhe am.y thai tho$< "".' 
make: L _ [a(x. ,II. Tn red"". IttM,,,,Jilic •• "i' Il$$UJJ'IO througt.ou. thai .""h 
row of L has (01)' • finil< numberof r>OI>-lCroemrie •. Th is array is called the 8~~' 

rt'O/Ot"ofthc procc ... We will deal wilh!he ,.....rator ... Iin ... opt"'l.". onill, 
on functions ddined on tho $!.lie splICe. So. if f (~ ) is • functi"" "" £, lhen Lf(x ) 
i. 1110 functi ... giv.., by 

Lf(~) - ~::>(~.,) !(y) - La(x.y)(/(y) ~ lex»~. (8 .2) , , 
where tho .w:cond formula follow. from (B. I). 

Tbt ,,..nsltlon stmigroup. 

!'or discrtle-.~ oon,inUOl1$_'llne Mort"" proces ... . tho generator give. tho 
_ natur,ll and $imple" descriplion oI"the proce ... However. there i. a ~Iated 
C<>"l>lruc1,hal i. II"" imponan1. II i, calltd tho rrafIJilimt ~mig'""". It oonS;SlS 
01" a family of line ... ope""on T, - lp,(x. y)l. , :!: 0, that "'il fy tho following 
propen ies; 

(8.3) 



T, ::: 0 (B.4) 

T,I _ I (11.5) 

TO = I (B.6) 

limT, '"' I ," (8.7) 

[",he~ tho: firM """"'il;"" means thai Ey p,(.r. Y)P.<.l', : ) = P' H(X • • )]. Equa­
tion (B.4) meltlS tho: OptIlllOf T, mapI pooili~e f"",,1ion! 10 po$ilive f~lIC\ions. In­
lUitively. the qlWltity p, (x . y) ~pre~ the probo.bility thai allime I tho: p!"OCt$$ 

",ill be • , giv.n 1hat .. lime ttro i1 wlS II x. 
There uillJ a one-to-one ronupondence beew ..... ,. ..... 1OIl ..-.:I1nn$ilion 

somigroups. NameIY.liv"" I ,....rasor L, tho: COII"OlpOndinl somiJlOllP i. given ., 
n (,L)" 

T, _ IL -I +,L + ... + 7! +. 

Conv ..... ly, given • ~ition semigroup T,. tho: generalor is 

r, - I L _ lim _ _ 
I\.O I 

lInltormluUon. 

( 8 .B) 

n..~ i. one: more ~prosenwion for di""rt1e-IIpIO:" OOIIlinoouHimc M.n.ov pro­
teSleI ""'I wort. ",hen 1hejump met..., uniformly bounded: nw;. \<I(s, .. ) [ < 
00. l..d l, be. po$ilive ~II numbe. thai dominale$ ~ ra,"..-.:I put 

Q = l,-' L + I . 

I! i .... y to see ""'1 Q is normc:plive and has lOw turns cq.W 10 one (i.e .• it is I 
. 1OC:lwlic ma1ri:<). A simple c&k:\1lalion ItIo .... 1hat 

'"' (l,d 
T, _~IL - . -"',"''' - r;~-"' T!QI . ( 8 .9) 

This is alkd tho: unifOllTliution thcomn. n.. inlerpRwioo of tho: ri,d!1-hand 
lido is 1hat there is I . inale u""""ntial doc:k 1hat ti<:b II rile l, and ~ time 
illids. lju".., occurs oa:ordin, 10 1IIe stoc:hI.lic malri~ Q. Hcna:, III;mu. 1be 
numbo. elliorel this clock has lided i. I Poisson random variable with paamtIer 

}.J and 10 "'" cfwIce ""'I there have been k jUll"lp! is 1ho PoiSlOr'l ~Iity!hat 
appears in fronl of Qt in (B.9 ). If this resull _ surprisin, (in paniclliar tho: 
fKllhat l, can be chosen arbitrarily large). il migkl help 10 bear in mir.:I thll1be 
stodwtic rnaIl"U Q lliow. lumps from • 1We .. 10 ;I .. lf. 



B.2. The Markov Process 
So f,.. we h:av~ taI~ abou, anal~1ical ob,;.cl.< thai c l\aracifflze I Martov process 
bu, we have \'<'t '0 inlr"OdllCt: tht P"'X"'SS ilStlf. An act .... 1 Marto> proce .. con,;SI. 
of ~><nll objoc .... FlfSt ... oc need an event space n. Ford;"""te-space roH,inllOWl' 
(ime Mlrkov P"'X"'~, 1M ~ of n i. quite simple. All we need is I 
spKe on " ·hich...., have defined all the e.ponen,i.1 docb ,ha, were .... n'ioned 
above. No" . ...., need 10 construct tht nj<ctorie. X ,( .. ) oftht prottJS. X, repre· 
""nl.< the position in the ><ate .~ . tlime I. II.< construct;"n . imply follo""1 tht 
de...,;",i"" ,hal we 8. > •• 00>'. in temIi of npon.,lIiai clocks and jump; btI", •• n 
SUt ... Co=spondin& 10 each possible Sla/ti", poin\.< e li. ,he", i. I probabil· 
ily""" •• ure P, "" n weh thai ,he probobilityofbei", aI :;laiC, " •.. .• x. aI the 
times I, <: '1 < ... < I, giv.., that Ihe proce .. SlUtS in 5taIe x ill liv", by 

p.(X" _ x, •...• X" _ XI) _ PI,('" Xt)p,,-<t(X\ . Xl) ... p~_~ _ ,(x._ I. XI) . 

Fmally • ...., need 10 inlroduce. family of """,,lgeb<u 1', .1 ~ O. ",p",,",,"in8'he 
...... n" thai are ob$c ..... able up I" lime r. ~ ahould think of 1', as tht " -II&em 
goner. ,ed by the nII1dmi variable. X, . • ~ 1 (howe>er. '0 be pm:i ... "OC W1V11 
tht oompl.,ed riil1l contin"""s modi6calion of this family. wll.aleVe. thai mean.). 
n.e process X, is quile simple in !hal it remains fixed all poin, in Ii fo ... n inte ..... a1 
ofl;"'" and thtn iljurllJI'IIO anoth .. poinl in Ii. It ""ill,u", 001 10 be importanl thaI 
we mak. the convemi"" ,hl'lI1 the ill$WlI wlttn Ijump occun. tht process i. ac­
,ually at the new point. not the old one. "That is. ..... . .. ossumi", th •• the process i. 
rigbl roHlinuoos. I"um, 00' tha, in ,he gm<rallheor)' ohlochaslic proce .... fUll<· 
tions of time should be right continuous with left limi". We call wch fullCliorts 
RaJ... All tht functions of time that ""OC will coosider will be RCu.. and in foct 
will genonlly he pit-<ewioe con.tanl or an in""",1 of I piece",i .. coroo;WI1 func_ 
tion. An important propeny oflhe family of ,,·alge""" 1', i. ,hat i. is ill<T1:aSing: 
1', C 1',. ~ ~ I. Thi. captures the intuitive ootion that IS time JIfOII ....... the 
hiStory of the ~ incr.:l!let. Soch. family of" .algebra, i. callM I ~/lnlion. 

Tlw Marko~ p ropK1y. 

Now that we have a Malt"'" proccs"O w<rl; with, " OC can begin "Titing proba­
biliStic foomul .... For example. the lnIn'ition oemi£roup has the foll"",in, inter-
pmation: 

T,f(x) _ [,fiX,). (8.10) 

w"""" E, rtpr<'~nll upto<'lalion. calculal<!d u,in, the measure p •. A. anotht • 
• ~ample. the Mlrkov JlI1lJICny ... hich wa$ already vis ible in (B.) has ,he foll""' ­
i", mon: oop/liSlicalcd (oom: 

fB.Il) 

AlLhough this foom of the Martov properly is .... f!icicnt for many ptlrpo .... il i. 
oot lhe rno<t gent"'l. lOOted •• von though we ll:lve conditioned on Iitt cntirt p:oIJ 
1', in (B. I I ) we bav. considered only a very spccil1c typo of fu,u .. even •. namely 
the types that involve ""Iy a ~Aed time in the futu ... In oodcr 10 fonnulatc a more 
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all-.ctICompassing version of lhe Mart"" """"'''y. '''' ..... d I cOrIvcnicm wly 10 
~pn;$ttI< f"<ur~ ""en's- To ,hi~ end. il iH(IIWenicnt to """,me that !he p-obabili,y 
space (1 i, .."uaIly the .pace of RCLL patlu. That i ... point '" E 1} is • function 
fTOm 10, <Xl) into E that is right """ti"""" ... oo hultfilimitJ. H....,.. 1l>e random 
variable X/ is .imply the evalwujoo map JI time " X/( .. ) = "". On thi. splICe n. 
we introduce a one-par.."c,". family of 'hifl apeMan: 

X/(B.",) _ X/.,(w). S E 10, <Xl). (B.121 

Th is transf""""ti"" on 0 ir>OOceJ a1Jllll>(onnationon random v .. iabIeJ .:cordin, 
'0 the followina formula: 

B,Z{",) _ Z(9,,,,)_ 

V.in, (B. IO). (B.12). and (B.!}). ,.., sec that (B. II ) can be wri "cn as 

E,I9,/(X. )l.F,] = Ex.! (X. ). 

(B.13) 

A tnOn' gene",1 form of the Markov """",rty $lOy. that ",e ran ",pl..,e {(X.) in 
the lbove formula by a Jenera! random variable: 

E,IB,ZIJ;i l - E"Z. Z E T. (B.14) 

By the definition of conditional expoX""ion. (B.14) i. C<luivalent to 

E.,Y9,Z _ E, YE" Z. Y E :F,. Z E T. 

Stupping l i""'S u d IM"roo~ Markow proptMy. 

(B. 15) 

We will a' ,i""" _ 10 apply 1he Markov I'ropcrty not I t fiud times t. but at 
random ti""" '. llIe """",ny il not ...... a, all random times but it ilt"'. if 1l>e 
r.ndorn time.soe. no! i0oi: inlO the (utu",. Such raodom time. """ called $IOppin, 
limes (Definition A.I24). All of the obviously oon-clairvoYIlll random ti""" """ 
..,Iually <lopping time •. 

The Olr<mg Mark"" properly $lOy. that (B.14) and (8.15) arc true even when I 
i. rtpI"""" by • $lowing ti""" 

E,ID,ZI.:F,)_ E"Z . Z E F. (B.16) 

n...., is a similar form analogous to (B. 15). 

ScmiKrou p calcu lus. 

Fonnula (B,8) says tlUll ,he generato< i. 1he derivative 1\ time UTO of 1he """,i· 
",,"p. Denvaliv •• at IIIter times """ a1moot .. Simple: 

!...T,/(x) '" lim THo/(>:) -T,/(,I) _ lim T, T. - / !(,I) _ T,L/(>:), 
d, .'.0 " .'.0 U 

lienee. lhe fundamrn,al 1I>KHrn of ralculus give. u. 1he following imp<lfUl>1 
.. miVoup identity: 

T"(~) - {(,I) -10' T,L/(>:)dJ. (B .17) 

c ___ .... 



Wrill.n probabili>1ically. (8.17) become. 

E,/(X,) - /(x)_ E, fo' L/(X,)d •. (B.18) 

F",. fuooionq(.<) ""fi""d "" tho stole spac. and dcfi"" a family of Ii"",... op­
onIOn i, ocronIing to tho folkl .... ing formula: 

T,/(.<) - E../(X,)e.p (-In' q(X.)dU). 

U.ing lhe Mutov propeny(B.IS). il is euy to..., thai T, " Ii,fies (B.3). In fael, 
i! also .. I;';fie. (B.4), (8 .6), and (B. 7). He,,", il make' ... n ... ,,,""fine I g."..,unr 
L for i, jn$! like "'. "'OIIid fnr uransition oernigroup. A simple cllculali"" osing 
the flC! !hat 

u p ( - In' q(X.)dU) - I - In' q( X.)du +o(r) 

L/(JC) _ L/(JC) - q(JC)/(JC). 

N".... ,iv.n ... y fUnclion 8(x), if we pick q(x) _ L:(x)/:('<) and / (x) _ g(x). 
thon L/(x) _ 0 and so (8.17) implies m.u t,:(x) _ g(..-). Rewriting thi. rn:t>­
abiJiltica!ly, we gO! 

g(x) _ E,8(X,).'p ( - [' L8(X.1 dM). 
)u X(X.) 

(8.19) 

Thi, formula tan be thoughlof .. tho tnUlliplical;ve cOIInlCfJ'M to (B.18). 

B.3. Birth-Death Processes 
SUJlllO'C thaI f.' _ Z!, lhe d-<limensional im.gcrlallice, and thai 'he~ ill finile 
colltc!ioo of ,h:p dirtttion. ~j' j _ L ...• m, and !hal 1hc Inn. ilion ..... arc 

'" ) _ 1";(..-) ifJ_JC+~jfnrsomej: 
",-", y 0 <>1helWise. 

In Ihi. caoe the K"flCTlOtOt' I-lkes ,ho; foll"...in, . implc form: 

L/v.) = L "J{JC) (t(..- + rJ) - /(..-»). , (8.21) 

Evtnlually, we will only con.ider Markov proc ...... thai arc tnultidimensional 
binlo-<leath proces>eI. 

Fortbes<:~, we in!n)doa: I lillie ""'"' notation. 1..:1 r/ be the number 
of time. up to and inr;:Juding timo I thlt the prooe .. X , steps in directi"" rJ. TI>e 

c ___ ..... 
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process r/ is called the coon/ing process forthe sleps in the ~j direction. It is easy 
to recover X, from knowledge of all the counting processes: 

X, =Xo+ Er,'t!j . 
j 

Most Martoy processes that arise in queueing models are of this type. For ex­
ample, the queue length process in an M 1M / I queue is the process on the non­
negative integers that takes steps to the right at rate). and steps to the left III rale 11 
as loog as.x > O. Hence, for Ihis case, we may take e] :: 1,~:: - I,AJ" A,and 
).2 "" It 1 .. >0_ Anothereumple from queueing theot'y is tWO queues in tandem. In 
this case the state space is the non-negative quadrnnl of Z2, t!] = (1,0) represents 
arrivals to the first queue which occur al rate AI (~) "" A" ~ "" (- I , I) represents 
transfers from the first queue to the secoDd which occur III rate A2(X) = ),21.1"1>0. 
and t) = (0, - I) represents service completions al the second queue which occur 
at rale: ).3 (x) "" AJ 1.11>0. 

Random walk. 

Now suppose that E :: Zd and that a(x, y) = l.(y -x), y f- x , forsome function 
..t. In this case, L/ (x) hu the following form: 

Li(x) ;;; LA.(z)(/(X +:) - /(:x». , 
This process has a panicularly simple descriJMion. Indeed, from the unifonniza· 
lion theorem, we see thai X, - X 0 is a Poisson sum of independent random incre­
ments: 

N, 

X,::::: Xo+ L~,t. ,., 
Here N, is a POiSSOfl random variable with panuneler i ::: r::~ ),(z) and tt is a 

random incremenl that takes value z with probability A(z)/i. 

Specializing even funher, suppose that the state space is the inlegen and that 
A(Z) ::: 1/ 2 for ! "" ±l and zero for olher values of z. 1lien, 

/(:x + I) - 2/(:x) + /(:x - I) 
Lf(:x) ::::: 2 . 

This process is called a simple random walt. For a simple random walk, N, is 
Poisson with parameter one and the tt take values ± I with probability 1/ 2. 
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B.4. Martingales 
RccaIl'haI. f<:K I process 1M,. I ~ 0) '0 be a maningale wi,h re.spea lO I filmuion 
(.1;., ~ 0) and a measure P. each M, muM be in~grable againsl!he measure P 
and mca,urabl. wilh re$J>CC1 '0 F, and ,lit proce"IM, .• ~ 0) m"", ulisfy ,he 
maningal. propcn~ : 

( (M, ... (F,I _ M, . "" ~ O. 

Generally wben weclaim """"'hing il a maning.II,,!he ""'p"bilily propeny will 
be 1.010 ,be ... adr:. 10 c/\tc~, lilt mca<unobilily propeny will be complelely obv;· 
""S, and ,he maninglle propeny will be oOOwn. 

In \hi, KCtion, we will in'nxlrxc ~.'<"T2l maningalH """,i.,ed wilh I Marto. 
pmct:11. In la,. ... ec'ion •• "'"e will !hen apply ~nain mani"llile ,hton:rns lO!hese 
maningalcolO /\tIp u. pro>·.lorp: do.i.ion, ~ts. The results thaI "'"e will need 
abou, martingalco "'" coUected in IA.5. 

Acldil h 't liancl ion lls. 

An 8dd;,; •• (""",ion.1 il I ",.I-valued 1'fOCe" M:, 0 ~ " ~ I . thaI $Ilidico!he 
(<>Ilowing propcnie<: 

M:+M,". M: 
9,M: '" M:t', 
(.M~ ~ O for Ill .. 
M~ €.1;. 

The ,implesc Ulmple of"" I<ldil;" fUJlClion., i. 

M: .. { (X,) - {(X.) - f.' L{(X,) d • . 

(B .W 

(B .22) 

(B.23) 

(B_24) 

In this CISC. propenies (B.21 HB.24) on: all perfectly w:U~hlforwan:l u«!pI P<"t_ 
ha", (B .23) ... hich (<>110"'" from (B.17). 

T heorem B. I. If M: i, an addi,w.: fw>C.iom/. /hen M~ i,. martingale "";Ih re· 
speclloevery "",as"re P, . 

Proof. The (leI ,hal M~ i •• maningak (0110 .... (rom lhe "'fining propenies of 
an I<ldil;"" fuDCtional and !he Martov properly of lhe filu-;Ilion F,: 

(,[M~"'I'-,) = (,[M~ + M:+" IF,J 

"' M~ + (,[M;+"IF,j 

.. M~ + (,(II,M'::IF,[ 

.. Mo+(x,MIi 

= M~, c ___ .... 
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Multlplk:llh-f I'Ianct*,*-

A mulfql/ol"" I'wrn,."w is. JUl-valurd procuI M~. 0:::: II :::: I. "'- wlSlla 
Ihc foil"",,,,, propMICS: 

M~ M,· _ M! 
9, M~ _ M~!: 
E.. Mo - I 
M~ >0 

MOO",. 

"The I-implesl cumple 01. multiphcaI;"" functional .. 

/ti' '" II' (X,J c.p(-J.' LIIX')dS) 
• II'( X. ) • II'( X, ) . 

(8.26) 

(8.27) 

(8.28) 

( B .29) 

(B.)(I) 

(B.31) 

In mi' cue. pnl!ICnieo ( B.26H B.30\ If<: I II trivill c.cepe (B.28\ ,,·hid! follow. 
from (B.J!J). 

1~m D.J. If M~ ... mulliplka/;vc funcriaW. !hen Mb;s 117Ia'I,,,,ak ... ·jlll 
re$p«f 10 C\'CQ' _ p •. 

Proof. "The n:suI, follow. cuily f""" die ddi ... ", ~ 011 mlll,ipliaou"" 
flmctional ..., u.. Mart"" """","yo 

£.IMO"'IF,J - E.[Mo.w:,olF,J 
_ Mo[.IM:-hIF,J 
- Mb[,[o, MI)IT,J 

- Mo[.,MI) 
_ M~. 

From thil...w~ __ l1li, 

/ti' _ ,(X,) e.p(-f.' L,(X') d.) 
o II'(XD) 0 II'(X,) 

• 

(B .32) 

i •• mani",.",. We ",ill call such ",""inpl", tho c.poncn,iaJ marfi",11es ...... 
ci.d«l with the Martov proocsI X,. 
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T'ho Dir"'h~ pR)bl~m . 

As an example of the Ulili,! of the Ii"" •• maningale. we briefly describe il$ con· 
_lion wilh lbe Dirichlet problem. UI D be a SIIbse! of E and con<ide. the fol· 
lowin& bounduy value problem: 

Lf(~ ) - O. 

1(. )'"',;(..). 

XED. 

x E DO. 

We call this the Dirichlet problem. Wilen lIIe spooce i. Ellclidtan and the op!'"fatOI"" 

L is the Laploci>.n. Ihis boundary value proIIIem i< the cla&5Ocai Diri(hle. problem 
(thal·s whal .... ,,·d iC' if Iht: Marl<ov process were Brownian moIion - il·s 01$0 
why the ~""r:o.'or i, dtnoled by L). Suppose .... have a functioo I that ooIv., th;, 
problem. UC. sec .. hal the opIionai wnplinB t/k'or'tm A.IN lay. ,.hen .ppiie<l 
10 the Ii"" .. maningale. and. is the tirol lime X, •• its lIIe domain D: 

IV.) = E./(X,) - [, [ L/(X,)ds 

(8.l3J 

The inICgr:o.J vanishes li~. bef"",.ime T. LIIX,) _ O. A1so.a! time f. the pro­
ces.s i< in lIIe complemem of D and.<O I can he replaced by ~ in the IIl"It ICrm (we 
ho,.., used lIIe righl conlinuilY of the proceu IIere). ~ riJllt·hand aide in (B.3}) 
does no! in,·oIv. the (u"""on I . Thi, proves thai the soIUlion 101lle Dirichlel prot.. 
kill i. un;q ... . To prove existence. il ..,Ilices 10 check Ihal 111e func!ion dt!ined by 
the ri£)11·har,d .ide of (B.33) ""1 .... lIy is a soIUlion of the problem. Thi, iun US! 
• • erci .. u,ing the Marlr.ov proptrly til ... we kave 10 the reader. 

If,..., ~ ~V) = 1,(x).I11en (B.B) reduces 10 

Iv) - p,(X, - y,. 

H.~ .... sec lha1 the Dirichle1 problem i. dOillOly relaled 10 findinB <:til di<lri""_ 
lion. from <Iornai"". 

A relaled problem i. 10 tillod the e .. ~ exi, ,ime ~(x) _ [". An anal)'!'i • 
• imilar 10 the one obov., .howllhot tV) i~ the un;q ... soIulion of the followinj 
i"""'""l;"""""" Diridd., problem: 

Ltlxl = -1. 
&1-,, ) _ 0. 

-" E D. 

-" E [)'". 
(IU4) 

Somelim .. tl-oe Dirichlel problem. can he ooIvN uplicitly. bul even wilen they 
can·I.litey yidd efficlcnl numerical melhoW.. 

This kind of prubabili"ic analysis of boundary value proIlIb'ns is the basis of I 
branch of mathem .. ic3 called prObobilj,lic pote ... iallhco<y. We have only ,iven 
tlI.e briefest e.<poosUR' jUSlIO ,ive • quid appre<:illlion for the value of tlI.e linear 
maninp.'"'. 
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~ Ftynman_K"" formu .... 

Fa. momem leI's consider lhe Shroodinger equal00n: 

L!(x),. .;(. .. )/(.<). xED. 

!(x)_4>(x ). xED'. 

(8.35) 

(8.36) 

Again."[ t be IlIe Ii ... e.il lime fnlln D and apply !heoplional ... mpli"31~m 
10 lhe e'p;>nenlial mani"3alc (El .32) 10 &d lhal any 001U1;"" 10 (8.JS). (El.36) mu,l 
be,ivcn by 

/(x) - (,,;(X,)up (- fo' t(X,)JI). (8.31) 

Thi' proves uniquCfltsS and as btl""" ui,~nce i, proved by ~fying 1Iw!he 
fQmlula given by (8.37) i. indeed • ..,Inl;"". 

Then: ;$ one >pC<'ia1 co", 0( (8.37) lhal <lese", .. men[;"ning. When lhe (unc­
lioN 4> and 'It..., OClually!he tonllanLS <Jro< and 1. ~livcly.!hen (El.37) be_ 

!(x) _ [,~-", 

Therefore. ooIv;n, (8.35), (8.36) .ive, u, the Laplace lnonsfonn or !he firs[ exil 
lime fnlln. domain. Thi' , .. nIl is 0(1Cn "",(ul. 

C~.nge of mtaSIIn. 

Muhiplicalive funclion.I, are n.dul foo- changin, measure in .nch • ".,.y 1haI the 
Martov propol1y i3 p"'S«Yed under !he ... w me"",,,,. 111 M~ he I muh;plic.livc 
funclio~L We h a fini.e time horizon T and con.ide. Ih< process X, ""ly 0II1he 
;"lC",.1 0 :;: I :;: T. Fo.- each" € ~;. 1.1 f , he a new meb"'" "" (fl. TT) defined 

" (8.38) 

""hen: i:, deno1eS expe<:llll;"" c.kulaled ".in8 the measu", f,. From (El.38). ",. 
see !hal f, is absoIulely c<onlinuous wilh ""peel l!) P,. and the RacIoo_Nikodym 
d<:riVali,'. i, .imply M6 (fA.4). Now foo-O SIS T. defi .... Ii ...... <>per.t100- 1; 
as folloW1l: 

fd("') _ ( ,!(X,). (8.39) 

i"ropoo<llion B.4. If M~ iu mul!ipli",'i"" f."...,iMa/, 11m /". opem!on f,. I ~ 
O. dtJined by (8 .J9) form I I1lIn>j!ion semUrJUul' and 

id(x) '"' ( ,Mo{(X,), (8 .40) 

Proof. W. stan by provrn, (8.40). Using the fact 1Iw M~ in marliDgale. "'e 0« 

•• i,ft<),., E,M[ {(X,) 

= E..-E..-IMci{(X,llT') 
_ E,f(X,)(,IM6 IT') 
_ E,f(X,)MI,. 

'-""' ... ""' .... 
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Ailihe properties that have to be satisfied to be a transition semigroup follow triv­
ially from the fact thaI Mo is positive and has mean one ucept the most important 
property, T, is ::: tl+.<. which we now verify: 

- - , 
T,T./(x)::: ("MoEx,MU(X,) 

"" Ex Mb8,fMOI(X.)] 

= Ex MbM:+I !(X,H) 

::: E .. M~+I /(Xl+tl 

:: tH./(x ). 

Here, the first equality follows from (8 .40), the second from the Marltav prop­
en)' (B.15), the third from the definitions (B.12) and (B.13) of the shift operator, 
and the fourth from the multiplicative property (8.26) of M!. This completes the 
proof. • 

Since starting with a semigroup. say f,. there is. for each x E £. a unique mea­
sure on the space of righl-ronlinuous paths such !bat (8.39) holds. it follows from 
Proposition B.4 that P, is this unique measure, 1lle nextlheorcm shows thai mUl­
tidimensional binh-death processes are invariant under this change of measure. 

Theorem B.5. If, under fhe mt'asure p ... X, is a muJfidimensiooaJ bitth..(/eafh 
process with step direC1ions Cj and step rates loj (.r), /hen under fhe mca51m' p~ 
the process X, is again a multidimensional birrh-death prooess with fhe same step 
directions and with the rates changed to 

(8.41) 

Proof. To prove this, we calculate the generator off,. With overwhelming pr0b­
ability, the process X, (relative 10 the original measure P~) will have taken I' most 
one jump ill a small amount of time t . Hence, using (8.40) and (B.31), we get 

t,f(x) _ ~P (-, ~>(x)) "P (_,L8(X)) [(x) 
j g(x) 

+ j,' ~~P ( -, ~AM) A,(X)~p (-(' -,) ~ Aj(X +")) 
g(x + 1"1) (Lg(X) Lg(x + ttl) x exp - s-- - (t - s) f(X+t'l)ds+o(t). 

g(x) g(x) g(x + tt) 

In the second summand we have a jump at s in direction t, and no funher jumps 
until,. The tirst two tenns give the probability of this event. From this simple 



cakubHK>n. ",il\il (8,2<1) we s« thai 

- , -
1./(~ ) = lim - (T,j() - lex» 

I\,0 I 

(~ LI("» ) ~ ~(X + 9) -- L... .. j(x}+-- /lx) + L., .. j(x) !(x+'j) 
I I(X) J I(X ) 

~ 1("+9) 
- £...'_j(x ) (/("+'1) - full. 

j 8(X) 

Iff~. the .... ,.. pm<e'l is a muhidi~,ional binll.de.,h process wilh the same 
jump di=lions and with iwnp rale. liven by (8 .41 J. • 

11 i. ;n'~..,"i"!l I" nnle .lu.llhe<. ... ,......,.lIy "'" enougb ~ nff.-.. 
in (8 .41) 10 be abk to gee.1I $(IS or fall:, I'i (.r) l»' ~ cboia:s of I{X). 

Bu, i • • urn< OUtt/w we can '.in", the Rodon-Ni~odym derivllive MJ purely in 
Lerm. of " ,(x ) IUId thll.once we do thi. , we gel I derivllivc thai i. c"",,ol even 
if~;. no ("""tion g(x ) CQruIt>ctin, theokl and the ....... ra'os. So. stan by ... 
suming lila! II, and).,j .... relate<1lhrough (8.4 1) fO,..Olme 8. SiDte I {X,) is pit.ce. 
w~ """,wn. ,"'e can wri .. the difT ........ Io&t(XT) - IOC'(Xo)" the • ..," of 
the """"I\e. ""Of the jump!J: 

where Y/ i. ,he coonting process llIaI is incremcnled e.ery lime I jump occurs in 
u..'i dirttti"". No ... n,in,(8 .4 1). we see lhal 

Lg(x ) _ I>-(x) ( ~ (X + ' 1) _ I) 
g(k) j J t(x ) 

,. L(/lj(x) - ~j(x». , 
From (B.43) and (B.42), weliH .... ' 

(8.43) 

.n 
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T Lg(X,) ( T .) 
MO ::CJlP logg(Xd - 1ogg(XO)- r - x- d, 10 g( ,) 

=cxp Llog J ,- dyj - LUtj(X,)-Aj(X,»ds. 
(/,

T w(X) /,T ) 
o j Aj(X,_ ) 0 I 

(8.44) 

Equation (B.44) defines a change of measure that maps the multidimensional 
binh-death process with rates Aj(. ... ) into a process of the same type but having 
niles I-'}(x). 

Note thai fonnula(B.44) (or M6 involves the function g onJy inditu:t1y through 
formula (8.41). This leads us to the question: Does (8.44) defiDe. change of 
measure that maps the process with rales Al(x) 10 the one with raleS IlJ(:C ). even 
when (8.41) docs 001: hold? 'The amwer 10 this question is yes. Indeed. instead 
of specifying a function g. we start with desired filtcS llj(X), We formulale this 
result as II theorem: 

Thtortm B.6. Let X r be. multidimensional bjrth-dealh process willi step di· 
IeClions t1] and step niles .1./(.1") and leI PJt denote the cvnesponding measure on 
the space of trajectories. Let I-'/(x) be an arbiUlll)' set of U1UIsition TIles and Jet 

Px be a new measure defined by (8.38) wilh 1.16 defined by (8.44). Then, under 
this new measure, /he process X, is again a mulridimensional birth-death proceu 
with the same srep direcrioos and with the rares changed to Ilj(x), 

Proot. Define M~ by the formula: 

M! =ellp Liog j , drj - 2)llj(X,)-Aj(X,»ds . (1' "(X) · l ' ) 
• j Aj(X,_) • j 

(B.4S) 
We need ro show Ibat M! is a mulliplicalive functional . All of the de fining proper­
ties are trivial except (8.28) which CM be checked by direct calculation. Indeed, 
using the law of total probability, we get 
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"M.-L, / ··· / tt 0 ... ,<,,<· «o~ /0 - 1 /0 - 1 

up (-01 ~ ~I(.<o)) lj,(~g)(h l 

)( up (-(0' -.0) ~ ).I(~' )) lj>(x,)do, 

e~p ( - (so - s._I) ~).J (x.- !)) 

• J.j.,(s. _, )ds. exp (-(/ - s.) ~ J.j(~,») 

G~, I'/!(~J _ I) 
exp L.... 0(1 

_ I 1. .. (.<' _ 1) 

-E L(I';<X' - ,) - ).j(~'_ I »(o. - ,,_0)) . 
• - 1 I 

"'bt .... f ... notational efficiency. "' .. tu. ... pu\ xo _ .<.~; _ x; _, + ~~. SO 
O. lnd ..... , _ /. Thi< f"""ull may look me •• y. bu. il il nly 1(1 expllin . no. 
fim linc:~,1(1 par"li.;onin,.he wn p1c spoo:e 'nlo .l1Iall piece .. One piece 
is I U"lje<:tory that makes n >Ie", up l(I ,ime I. with the . !<"ps "",umn, ... time. 

'I. ' 2 •...• ' •• and the i" .tc:p bein, 'n .he d irectioo ~J,' .The rompliooaood product 
00 the!ltt(lnd ,hrouan fooM lines i<.bt likelihood of IhlS lIajeClory. It.oo i. 00$1 
'0 explain. no. fin. f OCI .... up( -SI Lj ).j('<O)) • ... p<esents the proIMbihty .tu.. 
nothing happens in the inlt ... altO. S,). the ~ focwr. J.Io(.<o)d", rq>I<'senll 
the probabil ity thai_ $U'J' in du..,ti""~" oc:aIrs enctly .... ime 'I. cle. Finally. 
the IlO<Ilinc: i. the inltlliWld CVlh •• 1ed 00 this .pecific U"lje<:tory. Now . ...,u, ,Iu.t 
the I",. hne: canceb with.he pn:viou$lines in such I wly as 10 change the PR'viou. 
line. in,o I fOfTllUla of e .. clly \he """" 'ype bu. with the los ... placed by 1''' 
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"p(-"~"j(XO») "j,(xO)dx, 

"'P (-(" - ") ~"J(X'») "h(x,)d" 

"P ( - ('" - '._ ,) ~"j (X'_ '») 
x "J,(x. _,)d,. "P (-(I - X.) ~"j(X'») ' 

But, again by the law oflOlai probability (flOW using ~I) , we ICC that this Isellactly 
equal to ooc. Even though this calculation is rather tedious, we have included it so 
that the reader will sec that for multidimensional binh-death processes everything 
can in principle be calculated explici tl y. • 


