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WITH FREE 

The affine-scaling modification of Karmarkar's algorithm is extended to solve problems with free 
variables. This extended primal algorithm is used to prove two important results. First the 
geometrically elegant feasibility algorithm proposed by Chandru and Kochar is the same algorithm 
as the one obtained by appending a single column of residuals to the constraint matrix. Second 
the dual algorithm as first described by Adler et al., is the same as the extended primal algorithm 
applied to the dual. 

Key words: Affine-scaling, Karmarkar's algorithm, dual algorithm, feasibility algorithm. 

I. Introduction 

The affine-scaling var iant  o f  K a r m a r k a r ' s  a lgor i thm [2-7]  solves l inear  p r o g r a m m i n g  

(LP) p rob lems  fo rmu la t ed  with equal i ty  const ra ints :  

(P) rain c. x 

subject  to A x  = b, 

O ~ x ~ u ,  

star t ing f rom a strictly in te r io r  po in t  ~:: 0 < ~ < u, As  c = b. The  mat r ix  A is an rn x n 

matr ix ,  which  we assume has full row rank.  

In  this pape r ,  we ex tend  the affine-scaling a lgor i thm to solve p rob l ems  with f ree  

variables (i.e. not  b o u n d e d  above  or below).  We use this free var iab le  a lgor i thm 

(der ived  in Sect ion 2) to es tabl ish  two impor t an t  results.  Firs t ,  the  feasibi l i ty  

a lgor i thm p r o p o s e d  by  C h a n d r u  and  K o c h a r  [6] is the same as the one ob t a ined  

by  a p p e n d i n g  a single co lumn to the cons t ra in t  matr ix .  Second ,  the  dua l  a lgor i thm 

desc r ibed  by  Ad le r  et al. in [1] is the same as the  p r ima l  a lgo r i thm a p p l i e d  to the  

dual .  The free var iab le  a lgor i thm is not  i tsel f  of  prac t ica l  interest ,  s ince there are 

well k n o w n  techniques  for  hand l ing  free var iables  such as spl i t t ing them into the 

difference be tween  thei r  pos i t ive  and negat ive  parts .  

We begin  by  discuss ing the feasibi l i ty  p rob l em:  how do we find the in te r io r  s tar t ing 

po in t  ~? F o r  those  fami l ia r  with the usual  t r icks of  l inear  p r o g r a m m i n g ,  this ques t ion  

has an easy answer  involv ing  add ing  one co lumn to the  cons t ra in t  mat r ix  A and  

t rying to dr ive the co r r e spond ing  art if icial  va r iab le  to zero.  This results  in the 
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so-called phase 1 (or, feasibility) algorithm, which has been described in many 

papers (see, e.g. [7]). However, the column just added is generally a dense column 

and this wreaks havoc with the sparse matrix inversion that is the heart of the 

affine-scaling algorithm. The trick to avoid this problem is to invert the matrix 

making believe that this column is not present and then do a rank-one update to 

fix things up. 
There is another phase 1 algorithm that also looks attractive. It was first described 

by Chandru and Kochar in [6]. Its derivation is based on simple geometric ideas 

as well as the idea of affine-scaling. The first important result of this paper is that 

these two algorithms are one and the same. This is proved by algebraically carrying 

out the rank-one update mentioned above and performing algebraic simplifications 

until one recognizes that the first feasibility algorithm is actually the same as the 

second. The proof works by formulating the first approach as an  LP with free 

variables (the artificial variable is free) and then applying (in Section 3) the general 

algorithm for free variables that we derive in Section 2. 
Our second result is that the dual-affine-scaling algorithm as described by Adler 

et al., in [1] is the same algorithm as the primal algorithm applied to the dual 

problem. The dual of (P) is an LP with free variables (and inequality constraints) 

and so we must apply the primal algorithm that we derive in Section 2 for problems 

with free variables. 
In [1], the dual algorithm was derived from scratch using the affine-scaling idea 

but not relating it directly to the primal algorithm. The importance of the equivalence 

established here is that observations about the primal algorithm can be translated 

into observations about the dual algorithm. For example, it has been observed [8] 

that for primal degenerate problems, the primal algorithm might not generate feasible 

dual variables as it converges to an optimal vertex. Hence, as an immediate corollary 

of our equivalence, we see that the dual algorithm might fail to generate feasible 

primal variables if the primal problem is dual degenerate. 
We end this introductory section with a brief review of the primal affine-scaling 

algorithm. Given an interior feasible point x (i.e., 0 < x < u  and A x = b ) ,  the 

algorithm proceeds as follows: 

(B.1) Calculate slacks for the upper bounds 

y = u - x .  

(B.2) Calculate the dual variables 

2 T 1 2 w = ( A D x A  ) ADxc, 

where 1 D, = diag(x ^ y). The invertibility of AD~A v follows from our assumptions 

that A has full row rank and 0 < x < u. 

1 If x and y are vectors, we denote by x ̂  y the vector with components equal to the minimum of the 
corresponding components of x and y: i.e., (x ̂  Y)i = min(xi, y~). Similarly, x v y denotes the component- 
wise maximum. 
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(B.3) Calculate the step direction 

z = D2(c --ATw). 

(B.4) Calculate the complementary slackness 1 

y = max v - . 

(B.5) Calculate the dual feasibility 

6 = -min  ^ - . 

(B.6) Check the stopping rule: if 

T + M a  < £ (]c. x] + l ), 
n 

where M = max(x ^ y), then stop. The current solution x is e-optimal in the sense that 

C ' X - - C ' X *  
< e  

[c" x] + 1 

where x* denotes an optimal point. (This is actually an approximation. See [7] for 
a rigorous development.) 

(B.7) Replace x with a new interior feasible point 

OL 
X( - -X- - - -Z ,  

y 

where 0 <  c~ < 1 is fixed, and go back to (B.1). 

A few remarks are in order. First, the affine-scaling algorithm, as discussed in 
[1-7], treats LP formulations where the variables do not have upper bounds. The 
algorithm presented here, however, does handle upper bounds. The version with 
upper bounds is derived as follows. First, the upper bound constraints are included 
in the collection of equality constraints by introducing slack variables: x + y  = u 
(x, y/> 0). This inclusion results in an enlarged problem: 

min [0 ]  " [ ; ] '  

0 x 
subjectto [/A i I [ y ] = [ 2 ] ,  

E ; ]  ~ 0  

I f  x a n d  y a re  vec tors ,  we  let x/y  d e n o t e  the  vec to r  cons i s t i ng  o f  the  ra t ios  x~/yi. I f  x is a vec tor ,  

let m a x ( x )  d e n o t e  the  m a x i m u m  o f  the  e l emen t s  o f  x. 
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The algorithm described in [7] is then applied to this problem. Performing appropri- 
ate block matrix algebra, the algorithm is expressed in terms of the matrix AD*A T 
where D* is the diagonal matrix given by 

2 2 
D*= xiYi 

2 2" xi + yi 

Finally, we replace xy/~/x2+y 2 by min(x, y) since, as x tends to either zero or its 
upper  bound,  these two expressions both approach zero at the same rate. Also, the 

second expression is simpler. 
The primal objective value is c. x and the corresponding dual objective value is 

w. b + ( z / y  2) • u. Note that as u tends to infinity, the dual objective value tends to 

w ' b .  

There are two minor modifications of  problem (P) that we should briefly discuss. 
First, if the problem is a maximization instead of a minimization, then the only 
change to the algorithm is that the step direction z is the negative of what is given 
in (B.3). The second modification is to let the variables have non-zero lower bounds 
/. In this case, the x 's  in the formulas for D~, y, 8, and M are replaced by x - / .  

In the next section, we consider LP's like (P) except that some of the variables 
are free. We derive an algorithm for this type of LP problem by placing upper and 
lower bounds on the free variables and letting these bounds go to infinity. Then, in 
each subsequent section, we apply this free-variable algorithm to specific problems 
in which free variables arise naturally. In particular, in Section 3 we consider the 

feasibility problem for (P) and, in Section 4, we study the dual of (P). Then, in 
Section 5, we derive a general algorithm for the feasibility problem associated with 
problems having free variables. This algorithm is then applied, in Section 6, to the 
derivation of an algorithm for the feasibility problem for the dual of (P). 

2. Free variables 

In this section, we extend the afline-scaling algorithm to solve problems having free 

variables. Before starting, we record for future reference two important matrix 
identities well known in the folklore of  mathematics: 

(I.1) A B ( C  I+BTAB) '=(A I+BCBT) 1BC, 

(I.2) (C I+BTAB) I = C - C B T ( A  ' + B C B  T) 'BC. 

In these formulas, A, B, and C are matrices with compatible shapes and the inverted 
matrices are assumed to be square and non-singular. These formulas are verified as 
follows. The first is checked by cross multiplying the inverted expressions, and the 
second is checked by multiplying by C-~+ BTAB. 
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In this section, we will derive an algori thm for  solving the fol lowing free-variable 

[¢A] ' [XA]  XF 

subjec t to  [A F ] [  xA] =b, 
[_JXF 

O~XA~U. 

We see that the components  of  xF are free variables (that is, unbounded) .  In order  

to derive an algorithm for this problem we will first assume that xF has finite upper  

and lower bounds ,  and then let these bounds  go to infinity. 

Fix r > 0 and suppose that - r l  < xF < r l ,  where 1 denotes the vector  o f  all ones. 

With these bounds  added,  we can apply the basic algori thm described at the end 

of  the previous section. For  the dual variables, we get 

W ( r )  2 T +  2 T 1 2 =(aD~aa  F D ~ F  ) (AD~ACA+FD~;cz) , (2.1) 

where Dx~ = diag(xa ~ YA) and D ~  = d iag ( [ r l  + xe]  ~ [ r l  - XF]). Using (I.2), we see 

that 

~ v+ ~ w -~ ~ BF D - z +  T -1 T 2 (AD~aA F D ~ F  ) ADxACA={~ - ( xz ~ ~ )  ~ B}ADxACA, 
(2.2) 

where 

n ~  2 T -1 (ADxAA ) • 

The only dependence  on r in the r ight-hand side o f  (2.2) is th rough  the diagonal  
--2 matrix D ~ ,  which clearly goes to zero as r goes to infinity. N o w  using (I.1), we 

see that  

2 T ~  2 T --1 2 (AD~aA F D ~ F  ) F D ~ c ~ = B F ( D ~ + F V B F ) - % v .  (2.3) 

Substituting (2.2) and (2.3) into (2.1), we get 

W(r) = { ~ -- ~ (  Ox~ + ~T B~)-I  ~T B}AD~A CA + ~ (  0 ~  + ~ T B ~ ) - I  CF. 

(~.4) 

N o w  let r tend to infinity to get 

w = lim w(r) 
r ~  

= BAO~aC a + BF(~T~)-~(CF -- ~TBAD~aCA). 

Note  that the first term in this formula  is exactly the formula  we would  use if there 
were no free variables. 

To derive formulas for the step direction, we first pa~i t ion  it into two pieces 

problem: 

(F) min 
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corresponding to the constra ined and free variables. The formula  for ZA is simply 

2 T 
ZA = D x A ( C A - A  W). 

To get a formula  for zF, we must  return to the prelimiting formulas,  do some algebra, 

and then take limits again. So, let 

zF( r) = D2~( CF -- FT w( r) ). 

From (2.4), we see that 

z~(r) = D2~[I - FTBF(D~2v + F T B F )  a]{cr - FTBAD~ACA}. (2.5) 

Writing the identity matrix I as ( D x ~ + F T B F ) ( D 2 ~ + F T B F )  -1, we see that the 
2 2 + F T B F  1 bracketed expression above reduces to Dx~(Dx~ ) . Substituting this into 

(2.5) and letting r tend to infinity, we see that 

zF = lim zF(r) 

= (FTBF) l(c~- UBAD~AcA). 

After letting r go to infinity, the free-variable port ions o f  the formulas for 3' and 

6 vanish. The stopping rule and updat ing part  o f  the algori thm change in the obvious 

way. 
To summarize,  given an XA and xF satisfying 

0 ~ XA < U, 

[A F][ XA]XF =b, 

the algori thm proceeds as follows: 

(F.1) Calculate slacks for the upper  bounds  

YA = UA -- Xa. 

(F.2) Calculate the flee-variables step direction 

zF = ( F T B F )  I ( C F  - -  FTBAD2~,-ACA) 

where B = (AD2AA T) 1. 

(F.3) Calculate the dual variables 

w = BAD2A CA + BFzF. 

(F.4) Calculate the constrained-variables step direction 

2 T 
Z a ~- DxA(CA--A W). 

(F.5) Calculate the complementa ry  slackness 

") 
\ x a  Z " 
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(F.6) Calculate the dual feasibility 

6 -- - m i n  ^ - . 

(F.7) Check the stopping rule: if 

M6 < £  (IcA" XA+ Ca" + 1), 
n 

where M = max(xa ^ YA), then stop. The current solution is s-optimal.  

(F.8) Update the current solution 

O/ 
X A ~ X A --  _ Z A ,  

y 

OL 
X F <-" X F - - -  ZF  ' 

y 

and go back to (F.1). 

37 

3 .  P h a s e  1 a l g o r i t h m  

In this section, we establish the equivalence between the phase 1 algorithm obtained 
by appending a column to the constraint matrix and the one described by Chandru 
and Kochar  in [6]. 

To find an initial interior point for problem (P), we consider the following problem 

(P1) min 

subject to [A p ] [ X q = b ,  
kgA 

where 

O ~ x ~ u ,  

p = b - A ~  

and ~ is any vector satisfying 0 < ~ < u. Note the following observations: 
(a) The variable ~ is a free variable. 

(b) The point x = ~, ~ = 1 is feasible for (PI).  
(c) Any feasible point for (P1) that satisfies ~ = 0 also satisfies A x  = b. 

(d) I f  the minimum value of ~ is positive, then (P) is infeasible. 
Observations (b) and (c) explain why we want to minimize ~. I f  we can find a 

feasible pair (x, ~') with ~ negative, then we can take a linear combination of that 
point with (~, 1) to find a new point which has ~ = 0 exactly. This then gives us a 
starting point for the basic algorithm described in Section 1. 
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Apply ing  the results  on free var iables  to (P1), the s tep d i rec t ion  becomes  

where  B = ( A D ~ A T )  -1. (We have omi t t ed  a scale fac tor  (p -  Bp) -1 which  does  not  

p l ay  a role  here since z is mere ly  a d i rec t ion  vector.)  The s topp ing  pa rame te r s  7 

and  8 are ca lcu la ted  jus t  as in the prev ious  sect ion and  the s topp ing  rule is changed  

to account  for the omi t t ed  scale factor .  I f  3' < oq then  the step x ~ - x - z  takes  us 

exact ly  to ~ = 0. Otherwise ,  we take the usual  step: x ~ x - ( a / y ) z .  

Once we have taken  a step to a new infeas ib le  point ,  we might  as well reca lcula te  

the residue,  p = b - A x ,  and  begin  the next  i te ra t ion  us ing a different  LP which again  

starts with ~ = 1. This change  results  in an a lgor i thm that  has a s imple  geomet r ic  

in te rpre ta t ion ,  which  we will discuss short ly.  

To summar ize ,  given an x which satisfies 0 < x < u, the a lgor i thm is: 

loop  

y = u - x  

p = b - A x  

z = - D 2 A T B p  where  B = ( A D ~ A T )  -1 

6 = - m i n  A - . 

M = m a x ( x  A y)  

if  y + M 8  < Be / n where  ~ = p . Bp  

s t o p - - p r o b l e m  is infeas ib le  

else i f  y < 

X < - - X - - Z  

go to Phase  2 

else 

X 4 - X  m m  
{9/ 

Z 
y 

end if  

end loop  

I f  we compare  the s tep d i rec t ion  z with that  given by  C h a n d r u  and K o c h a r  in 

[6], we see that  they agree.  They a r r ived  at this a lgor i thm from s imple  geometr ic  
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arguments. Indeed, given an infeasible point x that lies between its upper  and lower 
bounds,  find the closest point on the hyperplane defined by the equality constraints. 

The notion of"c loses t"  corresponds to the inner product  (a, b) = a .  D ~ 2 b  as opposed 
to the usual Euclidean inner product. I f  the point on the hyperplane is also between 
the bounds,  then it is feasible for (P). If, on the other hand, this point violates some 

of the bounds,  then the current point is replaced by a point on the line segment 
connecting the current point with the point on the hyperplane. Even though this 
new point is not feasible, it is closer to feasibility than the previous point. 

4. Dual algorithm 

In this section, we apply the free variable algorithm derived in Section 2 to the dual 
of (P) and arrive at a dual  algorithm. In the case where all the upper  bounds are 
infinite, it will turn out that our dual algorithm coincides with the algorithm described 
by Adler et al. in [1]. After explicitly accounting for the constraints x <~ u and adding 

slacks where appropriate,  we see that the dual of  (P) is 

(D) max • , 

subject to [A ~r - I  I ]  = c, 

V, S>~0. 

Note that w is a free variable and so we can apply the algorithm derived in Section 
2. Hence, given w, v, and s satisfying 

V, S > 0 ,  

A T w  - v +  s = c, 

the algorithm proceeds as follows: 

(D.1) Calculate the free-variables step direction 2 

z~ = ( A D *  A T)- I (  A D *  A~2u - b) 

where 

D *  = /~(132+$2) -1 . 

Note that, since the problem at hand is a maximization, the formulas for the various 

components of  the step direction are all negated. 

2 If x and y are two vectors and f is a function from ~2 into R, we denote by Afc~,y ) the diagonal 
matrix whose ith diagonal element is f(x~, y~). 
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(D.2) Calculate the primal variables 

X = D * ( A v z u  - - A T Z w ) .  

(D.3) Calculate the constrained-variables step direction 

zv= ~v2(u -x ) ,  

zs = A~zx. 

(D.4) Calculate the complimentary slackness 

= max(v(u - x )  v sx). 

(D.5) Calculate the primal feasibility 

8 = -min( (u  - x) ^ x). 

Note that this measure of primal feasibility detects the largest violation of the 
inequality constraints in the primal (0~  < x and x ~< u) but it does not measure any 
violation of the equality constraints Ax  = b. The reason is that the equality constraints 
are automatically satisfied. To see this, take the formula for the primal variables 
given in (D.2), multiply by A and simplify using the formula for Zw given in (D.1). 

(D.6) Check the stopping rule: if 

y + m B < e  (]b . w - u ' v [ + l ) ,  
n 

where M = max(v A S), then stop. The current solution is e-optimal. 

(D.7) Update the current solution 

Ol 
W<---W----Zw ~ 

y 

OL 
v ~ v - - - z v ,  (4.1) 

Y 

o/ 
s , + - s - - - Z s .  

Since the vector s is simply the slacks for the inequality constraints, it is possible 
to replace the update formula (4.l) with 

S ~ C + v - - A T w .  

This last formula is superior from an implementation point of view since it guarantees 
that each iteration preserves feasibility. 

If  some of  the upper bounds in (P) are actually infinite, then the algorithm just 
presented must be changed by setting the corresponding surplus variables equal to 
zero and ignoring them in the calculation of complimentary slackness and primal 

feasibility. 
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We end this section with a brief discussion of the relative merits of the primal 
and the dual algorithms. Both algorithms involve inverting in each iteration an 
m x m matrix having the same symbolic structure as A A  T. Hence, the time for each 
iteration should be almost the same. Since both these algorithms tend to require 
about the same number of iterations, the total time to solve a problem appears to 
be about equal. There are some technical differences, however. 

The primal algorithm first finds feasible primal variables and generates feasible 
duals only as the optimal vertex is approached. The dual algorithm, on the other 
hand, first finds feasible dual variables and generates feasible primals only as the 
optimum is reached. Hence, if primal feasibility is important, but optimality is less 
of a concern, then the primal algorithm is the one to use. However, if the problem 
is primal degenerate and optimality is important, then the primal algorithm might 
have trouble achieving dual feasibility and so a provably optimal solution won't  be 
found. If  this happens, the dual algorithm might be the answer. Another argument 
for the dual algorithm is that since every constraint has slack variables, it is possible 
to use fast inaccurate inversion techniques and still maintain dual feasibility. 
However, this only helps in early iterations, since as optimality is approached it is 
important to get accurate primal estimates and these are quickly lost with inaccurate 
inversions. 

5. Free var iables- -Phase  1 

This section is included merely to lay the groundwork for the derivation of the 
phase 1 algorithm for the dual which is derived in the next section. 

To find an initial interior point for problem (F), we consider the following problem 

(F1) min ~" 

subject to [A F P] =b,  

O<~ XA ~ U ,  

where 

p = b - ACA -- FCz,  

Ca is any vector satisfying 0 < CA < u and Cr is arbitrary. 
We now apply the free variables algorithm derived in Section 2 to (F1) making 

the same simplifications which we made when deriving the primal phase 1 algorithm 
in Section 3. Hence, given XA satisfying 0 < XA < U and an arbitrary xF, the algorithm 
is: 

loop 

YA = U - -  X A 

p = b -"  AXA- FXF 
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z F = - ( F V B F ) - I F V B p  where B =  (ADxAA2 T )  1 

Z a ~- - D ~ a A T B ( p  + FzF) 

y = m a x (  Z A v _ Z a )  
\XA Y a /  

M = max(xa A Ya) 

if y + M~ < /3e / n where/3 = p .  Bp + p . BFzF 

stop--problem is infeasible 

else if y < a 

X A <-.- X A - -  Z A 

X F ~ X F - -  Z F 

go to Phase 2 

else 

O/ 
X A <-- X A - - _  Z A  

y 

OZ 

X F ~ X F - - -  Z F  
y 

end if 

end loop 

6. Dual algorithm--Phase 1 

It is easy to find an interior starting point for the dual algorithm derived in Section 

4 since every constraint has a slack and a surplus variable. For example, it is possible 

to simply put w = 0 and then adjust the slacks and surpluses as needed. However, 

if some or all of the upper bounds are infinite, then the corresponding surplus 

variable must be set to zero from the very start. In this case (which is almost always), 

finding a starting point is non-trivial. In this section we derive an algorithm for 

finding such a point by applying the phase 1 algorithm developed in Section 5 for 
problems with free variables. 
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We start by first assuming that all variables have upper bounds. Hence, given an 
arbitrary initial w (e.g., w = 0) and positive initial values for v and s the algorithm 
proceeds as follows: 

(DI.1) Calculate the residuals 

p = c - - A T w +  I)-- S. 

(D1.2) Calculate the step direction for w 

zw = - (  A D *  A T ) -  I A D *  p 

where 

D* - - -  A(D2d-S2)--I • 

(D1.3) Calculate the step direction for v and s 

Z v = A v 2 D * ( [  + A T Z w ) ,  

z, = - A s 2 D * ( p  + A Tzw) 

(D1.4) Calculate the complimentary slackness 

(D1.5) Calculate the primal feasibility 

6 = - m i n ( Z ~  z~) A 

(D1.6) Check the stopping rule: if 

y +  M 6 < / 3 e / n ,  

where M = max(v ^ s) and /3 = p .  D * p  + p .  D*ATzw,  then stop. The problem (D) 
is infeasible. 

(D1.7) Update the current solution. If y < a, then 

W~-- W - - Z w ,  

U <--1)-- Zv~ 

s<- . - s - - z s .  

We now have a starting point for phase 2. If, however, y >~ a, then the update is as 
above except that the step directions are all scaled down by a factor of a/7/. In this 
case, we are still infeasible and so we return to (DI.1). 

It is interesting to note the similarity between the phase 1 dual algorithm and the 
phase 2 primal algorithm with which we started. There are also striking similarities 
between the phase 2 dual algorithm and the phase 1 primal algorithm (especially 
if upper bounds are set to infinity). 
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F i n a l l y ,  w e  a g a i n  r e m a r k  t h a t  i f  s o m e  o f  t h e  u p p e r  b o u n d s  in  (P)  a re  in f in i t e ,  

t h e n  t he  c o r r e s p o n d i n g  s u r p l u s  v a r i a b l e  m u s t  b e  se t  to  z e r o  f r o m  t h e  s tar t .  I t  wi l l  

t h e n  a u t o m a t i c a l l y  r e m a i n  z e r o  t h r o u g h o u t  t h i s  p h a s e  1. 
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