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Abstract

We analyze a primal-dual interior-point method for nonlinear pro-
gramming. We prove the global convergence for a wide class of prob-
lems under the standard assumptions on the problem.
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1 Introduction

The primal-dual interior-point algorithm implemented in LOQO proved to
be very efficient for solving nonlinear optimization problems ([1, 2, 3, 10, 13]).
The algorithm applies Newton’s method to the perturbed Karush-Kuhn-
Tucker system of equations on each step to find the next primal-dual ap-
proximation of the solution. The original algorithm [13] implemented in
LOQO at each step minimized a penalty barrier merit function to attempt
to ensure that the algorithm converged, and to a local minimum rather than
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any other first order optimality point such as a maximum or a saddle point.
A more recent version of LOQO [2] utilizes a memoryless filter to attempt
to achieve the same goal. Neither method has been proven convergent under
general conditions. In this paper, we analyze the global convergence to a first
order optimality point for a general algorithm combining features of the pre-
viously mentioned versions of LOQO. This is done under assumptions made
only on the problem under consideration, rather than assumptions about the
performance of the algorithm. We do not assume that the sequence of primal
variables or the Lagrange multipliers remain bounded, two assumptions that
appear in many convergence analyses (see e.g. [11] et al.) The algorithm
studied here is theoretical. Its implementation in the LOQO framework re-
mains for future work.

2 Problem formulation

The paper considers a method for solving the following optimization problem

min f(x),

s.t. x ∈ Ω,
(1)

where the feasible set is defined as Ω = {x ∈ IRn : h(x) ≥ 0}, and h(x) =
(h1(x), . . . , hm(x)) is a vector function. We assume that f : IRn → IR1 and all
hi : IRn → IR1, i = 1, . . . , m are twice continuously differentiable functions.
To simplify the presentation we do not consider the equality constraints in
this paper. This will be done in the subsequent paper.

After adding nonnegative slack variables w = (w1, . . . , wm), we obtain an
equivalent formulation of the problem (1):

min f(x),

s.t. h(x) − w = 0,
w ≥ 0.

(2)

The interior-point method places the slacks in a barrier term leading to
the following problem
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min f(x) − µ
m
∑

i=1
log wi,

s.t. h(x) − w = 0,

(3)

where µ > 0 is a barrier parameter. The solution to this problem satisfies
the following primal-dual system

∇f(x) − A(x)T y = 0,
−µe + WY e = 0,

h(x) − w = 0,
(4)

where y = (y1, . . . , ym) is a vector of the Lagrange multipliers or dual vari-
ables for problem (3), A(x) is the Jacobian of vector function h(x), Y and
W are diagonal matrices with elements yi and wi respectively and e =
(1, . . . , 1) ∈ IRm.

3 Assumptions

We endow IRn with the l∞ norm ‖x‖ = max1≤i≤n |xi|, and we endow the

space IRm,n with the associated operator norm ‖Q‖ = max
1≤i≤m

(

n
∑

j=1
|qij |

)

.

We invoke the following assumptions throughout the paper.

A1. The objective function is bounded from below: f(x) ≥ f̄ for all
x ∈ IRn.

A2. Slater’s condition holds: there exists x̄ ∈ IRn such that hi(x̄) > 0,
i = 1, . . . , m.

A3. The constraints hi(x) satisfy the following conditions

lim
‖x‖→∞

min
1≤i≤m

hi(x) = −∞. (5)

and
√

log
(∣

∣

∣

∣

max
1≤i≤m

hi(x)
∣

∣

∣

∣

+ 1
)

≤ − min
1≤i≤m

hi(x) + C (6)

for all x ∈ IRn, where 0 < C < ∞ depends only on the problem’s data.
A4. The minima (local and global) of problem (1) satisfy the standard

second order optimality conditions.
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A5. For each µ > 0 the minima (local and global) of problem (3), satisfy
the standard second order optimality conditions.

A6. Hessians ∇2f(x) and ∇2hi(x), i = 1, . . . , m satisfy Lipschitz condi-
tions on IRn.

Several comments about the assumptions: assumption (A1) does not re-
strict the generality. In fact, one can always transform function f(x) using
monotone increasing transformation f(x) := log(1+ ef(x)), which is bounded
from below.

Assumption (A3) not only implies that the feasible set Ω is bounded, but
also implies some growth conditions for the functions hi(x). In fact, it tells us
that there is no function hi0(x) that grows significantly faster than some other
functions hi(x), i 6= i0, decrease on any unbounded sequence. Most practical
problems, including problems with linear and quadratic constraints, convex
problems (when functions hi(x) are concave), nonconvex quadratic and many
others satisfy assumption (A3).

The cases when functions hi(x) do not satisfy assumption (A3) normally
involve exponentially fast growing functions hi(x). Let’s consider the follow-
ing example. The feasible set Ω1 = [−1, 1] ⊂ IR1 can be defined as follows:
h1(x) = x + 1 ≥ 0 and h2(x) = 1 − x ≥ 0. In this case functions h1(x) and
h2(x) satisfy assumption (A3). However, the same set Ω1 can be defined
differently: h1(x) = ex − e−1 ≥ 0 and h2(x) = e−x − e−1 ≥ 0. In this case,
for example, if x increases unboundedly function h1(x) grows exponentially,
but function h2(x) stays always bounded from below and does not decrease
fast enough. Therefore functions h1(x) and h2(x) do not satisfy assumption
(A3). We believe that failure of a problem to satisfy assumption (A3) is
usually a case of bad modeling and thus argue that this assumption does not
greatly restrict the generality. The assumption is critical for the convergence
analysis because the interior-point algorithm decreases a value of a penalty-
barrier merit function and we need assumption (A3) to ensure that the merit
function has bounded level sets.

All the assumptions (A1)-(A6) are imposed on the problem, not on the
sequence generated by the algorithm. The following lemma follows from the
assumptions.

Lemma 1 Under assumptions (A1)-(A3) a global solution (x(µ), w(µ), y(µ))
to the problem (3) exists for any µ > 0.
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Proof. Problem (3) is equivalent to the following problem:

min B(x, µ)
x ∈ IRn,

where B(x, µ) = f(x)−µ
∑m

i=1 log hi(x). It follows from assumption (A3) that
the feasible set Ω is bounded. Let x̄ be the point that exists by assumption
(A2) and a constant Mµ = 2B(x̄, µ). It is easy to show that the set Ωµ =
{x ∈ Ω : B(x, µ) ≤ Mµ} is a closed bounded set. Therefore due to continuity
of B(x, µ) there exists a global minimizer xµ such that B(x, µ) ≥ B(xµ, µ)
on the set Ωµ and consequently on the feasible set Ω. Lemma 1 is proven.

4 Interior-point algorithm

In the following we use the following notations.

p = (x, w), z = (p, y) = (x, w, y),

σ = ∇f(x) − A(x)T y,

γ = µW−1e − y,

ρ = w − h(x).

b(z) = (σT , WY eT ,−ρT )T ,

bµ(z) = (σT , WY eT − µeT ,−ρT )T ,

To control the convergence we need the following merit functions:

ν(z) = ‖b(z)‖ = max {‖σ‖, ‖ρ‖, ‖WY e‖}

νµ(z) = ‖bµ(z)‖ = max {‖σ‖, ‖ρ‖, ‖Wγ‖} ,

Lβ,µ(z) = f(x) − µ
m
∑

i=1

log wi + yTρ +
β

2
ρT ρ.

The function ν(z) measures the distance between the current approxima-
tion and a KKT point of the problem (1). The function νµ(z) measures
the distance between the current approximation and a KKT point of the
barrier problem (3). The penalty-barrier function Lβ,µ(z) is the augmented
Lagrangian for the barrier problem (3). The primal direction decreases the
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value of Lβ,µ(z), which makes the algorithm descend to a minimum rather
than another first order optimality point.

Newton’s method applied to the system (4) leads to the following linear
system for the Newton directions







H(x, y) 0 −A(x)T

0 Y W
A(x) −I 0













∆x
∆w
∆y





 =







−∇f(x) + A(x)T y
µe − WY e
−h(x) + w





 , (7)

where H(x, y) is the Hessian of the Lagrangian of problem (1). Using the
notations introduced at the beginning of this section, the system (7) can be
rewritten as

D(z)∆z = −bµ(z),

where

D(z) =







H(x, y) 0 −A(x)T

0 Y W
A(x) −I 0





 .

After eliminating ∆w from this system we obtain the following reduced sys-
tem

[

−H(x, y) A(x)T

A(x) WY −1

] [

∆x
∆y

]

=

[

σ
ρ + WY −1γ

]

. (8)

After finding ∆y, we can obtain ∆w by the following formula

∆w = WY −1(γ − ∆y).

The explicit formulas for the solution to the primal-dual system are given
in [13] (Theorem 1):

∆x = N−1
(

−σ + AT (W−1Y ρ + γ)
)

∆w = −ρ − A∆x
∆y = γ + W−1Y (ρ − A∆x)

(9)

where N(x, y, w) = H(x, y) + A(x)T W−1Y A(x).
If matrix N(x, w, y) is not positive definite the algorithm replaces it with

the regularized matrix

N̂(x, w, y) = N(x, w, y) + λI, λ ≥ 0, (10)
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where I is the identity matrix in IRn,n to guarantee that mineigenvalue of N̂
is greater than some λ0 > 0. Parameter λ is chosen big enough to guarantee
that N̂(x, w, y) is positive definite.

Together with the primal regularization we consider also the dual regu-
larization of system (7)







H(x, y) 0 −A(x)T

0 Y W
A(x) −I ǫI













∆x
∆w
∆y






=







−∇f(x) + A(x)T y
µe − WY e
−h(x) + w






, (11)

where ǫ > 0 is a regularizing parameter. Clearly, for ǫ = 0 the system is the
original one. Using the notations introduced at the beginning of this section,
we can rewrite (11) as follows

Dǫ(z)∆z = −bµ(z),

where

Dǫ(z) =







H(x, y) 0 −A(x)T

0 Y W
A(x) −I ǫI






.

The explicit formulas for finding primal and dual directions are similar
to (9)

∆x = N−1
ǫ

(

−σ + AT [WY −1 + ǫI]
−1

(ρ + WY −1γ)
)

,

∆y = [WY −1 + ǫI]
−1

(ρ + WY −1γ − A∆x) ,
∆w = −ρ − A∆x − ǫ∆y,

(12)

where Nǫ(x, y, w) = H(x, y) + A(x)T [WY −1 + ǫI]
−1

A(x). Again, if the ma-
trix Nǫ(x, w, y) is not positive definite the algorithm replaces it with the
regularized matrix

N̂ǫ(x, w, y) = Nǫ(x, w, y) + λI, λ ≥ 0, (13)

where I is the identity matrix in IRn,n to guarantee that mineigenvalue of N̂ǫ

is greater than some λ0 > 0.
As it will be shown later the primal and the dual regularizations ensure

that the primal directions is descent for the penalty-barrier merit function.
One pure step of the IPM algorithm (x, w, y) → (x̂, ŵ, ŷ) is as follows

x̂ = x + αp∆x, (14)
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ŵ = w + αp∆w, (15)

ŷ = y + αd∆y, (16)

where αp and αd are primal and dual steplengths. The primal and dual
steplengths are chosen to keep slack and dual variables strictly positive:

αp = min
{

1;−κ
wi

∆wi
: ∆wi < 0

}

, (17)

αd = min

{

1;−κ
yi

∆yi
: ∆yi < 0

}

, (18)

where 0 < κ < 1.
As we show later the pure interior point method converges to the primal-

dual solution only locally in the neighborhood of the solution. However,
far away from the solution the algorithm does not update dual variables at
each step and often uses only primal direction (∆x, ∆w) to find the next
approximation.

Let us describe the algorithm in more detail. The algorithm starts each
iteration by computing the merit function ν(z), the barrier parameter µ by
the following formula

µ := min{δν(z), ν(z)2}, (19)

the merit function νµ(z) and the dual regularization parameter

ǫ = min{10−2, νµ(z)}. (20)

Then the algorithm solves the primal-dual system (11) for the primal-dual
Newton directions (∆x, ∆w, ∆y). To solve the system (11) the algorithm uses
a sparse Cholesky factorization developed in [12]. It is possible that while
performing the factorization the algorithm learns that matrix Nǫ(x, w, y)
is not positive definite. It this case the algorithm regularizes the matrix
Nǫ(x, w, y) by formula (13) and begins the factorization again. It keeps in-
creasing the parameter λ in formula (13) until a positive definite factorization
is completed.

The algorithm then selects primal and dual steplengths αp and αd by
formulas (17)-(18) for the parameter κ chosen by formula

κ = max{0.95, 1 − ν(z)} (21)

and finds the next primal-dual candidate x̂ := x + αp∆x, ŵ := w + αp∆w
and ŷ := y + αd∆y. If the candidate ẑ = (x̂, ŵ, ŷ) does not reduce the value
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of merit function ν(z), by a chosen a priori desired factor 0 < q < 1 then ẑ
fails the test and is not longer a candidate. Otherwise, the algorithm begins
solving the primal-dual system for Newton directions ∆ẑ at new approxi-
mation ẑ. If the factorization detects that the matrix Nǫ(x̂, ŵ, ŷ) is positive
definite, then the candidate ẑ passes the final test and becomes the next
primal-dual approximation and the Newton direction ∆ẑ is used for the next
step. However if the matrix Nǫ(x̂, ŵ, ŷ) is not positive definite then the can-
didate ẑ fails the final test. In any case when the candidate fails either test,
the algorithm does not change the dual approximation y and uses the primal
direction ∆p = (∆x, ∆w) to find the next primal approximation. It will be
proven later that the primal direction ∆p = (∆x, ∆w) is a descent direction
for the merit function Lβ,µ(z). The primal steplength αp is backtracked to
satisfy the Armijo rule

Lβ,µ(p + αp∆p, y) −Lβ,µ(p, y) ≤ ηαp < ∇pLβ,µ(p, y), ∆p >, (22)

where 0 < η < 1.
The convergence analysis of the algorithm shows that under the assump-

tions (A1)-(A6) in the neighborhood of the solution the candidate ẑ never
fails the tests (Lemma 8) and the algorithm always uses the primal-dual di-
rection ∆z to find the next approximation. On the other hand to ensure
convergence, the algorithm changes dual variables y only when the next dual
approximation ŷ is closer to the dual solution either to the original problem
(1) or to the barrier problem (3). The motivation for such careful treatment
of the dual variables lies in the fact that in nonlinear programming the com-
putational work needed to obtain a better dual approximation y generally
speaking requires solving a minimization problem unless the primal-dual ap-
proximation is close to the primal-dual solution. Therefore changing the dual
variables on each step can result in divergence of the algorithm. If the algo-
rithm reaches the unconstrained minimum p̂ of the merit function Lβ,µ(p, z)
it then changes the dual variables by the formula ŷ := y +βρ(x̂, ŵ) to obtain
a better dual approximation.

It is appropriate to say several words about the choice of the dual regu-
larization parameter ǫ and the penalty parameter β. These parameters are
chosen to satisfy two conditions: a) the primal Newton direction (∆x, ∆w)
must be descent for the merit function Lβ,µ(z) and b) the regularization
parameter ǫ > 0 must become zero when the trajectory of the algorithm
approaches the primal-dual solution.
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To prove the convergence of the algorithm we use the following choice of
the parameters at each iteration: ǫ = νµ(z), β = 1/ǫ. It will be shown later
that such choice of the parameters satisfies the conditions (a) and (b) and
allows us to prove convergence of the algorithm.

The formal description of the algorithm is in Figure 1.

Step 1: Initialization:

An initial primal-dual approximation z0 = (p0, y0) = (x0, w0, y0) is given.
An accuracy ε > 0, initial penalty parameter β0 ≥ 2mµ are given.
Parameters 0 < η < 0.5, 0 < δ < q < 1, τ > 0, θ > 0 are given.
Set z := z0, r := ν(z0), µ := min{δr, r2}, rµ = νµ(z0), β := β0, ǫ := min{νµ(z0), 1

β
}, s := 0.

Step 2: If r ≤ ε, Stop, Output: z.
Step 3: Factorize the system, Increase λ until success.

Find direction: ∆z := PrimalDualDirection(z, ǫ).
Set s := s + 1.
Set κ := max{0.95, 1 − r}.
Choose primal and dual steplengths: αp and αd by the formulas (17)-(18).
Set p̂ := p + αp∆p, ŷ := y + αd∆y.

Step 4: If ν(ẑ) ≤ qr, Goto Step 10.
Step 5: Set β = max{β, 1/ǫ}.

Backtrack αp until Lβ,µ(p + αp∆p, y) − Lβ,µ(p, y) ≤ ηαp < ∇pLβ,µ(p, y), ∆p >
Set p̂ := p + αp∆p.

Step 6: If ‖∇pLβ,µ(p̂, y)‖ > min
{

τ‖ρ(p̂)‖, 1/(2βs3),
}

, or y + βρ(p̂) 6≥ 0, Goto Step 3.

Step 7: ŷ := y + βρ(p̂).
If νµ(ẑ) > qrµ, Set p := p̂, β := 2β, Goto Step 3.

Step 8: If ν(ẑ) ≤ qr, Set r := ν(ẑ), µ := min{δr, r2}.
Set z := ẑ. rµ := νµ(ẑ), ǫ := min{νµ(z), 1

β
}.

Step 9: Goto Step 3.
Step 10: Factorize the system in ẑ with λ = 0, If N(ẑ) is not p.d., Goto step 5.
Step 11: Set z := ẑ, r := ν(ẑ), µ := min{δr, r2}, ǫ := min{νµ(z), 1

β
}, rµ := νµ(ẑ).

If r ≤ ε, Stop, Output: z.
Step 12: Find direction: ∆z := PrimalDualDirection(ẑ, ǫ).

Set s := s + 1.
Choose primal and dual steplengths: αp and αd by the formulas (17)-(18).
Set p̂ := p + αp∆p, ŷ := y + αd∆y.
Goto Step 4.

Figure 1: IPM algorithm.

5 Convergence analysis

We need the following auxiliary lemmas for the convergence analysis.

Lemma 2 1) For any y ∈ IRm, β ≥ 2mµ and µ > 0, there exists a global
minimum

Sβ,µ(y) = min
x∈IRn, w∈IRm

++

Lβ,µ(x, w, y) > −∞. (23)
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Proof. 1) Let us fix any w̄ ∈ IRm
++ and set M = 2Lβ,µ(x̄, w̄, y), where

x̄ exists by assumption (A2). The function Lβ,µ(x, w, y) is continuous on
IRn × IRm

++ therefore to prove the lemma it is enough to show the following
set

Rβ =
{

(x, w) ∈ IRn × IRn
++ : Lβ,µ(x, w, y) ≤ M

}

is a bounded and closed set.
First we show that the set Rβ is bounded. Let us assume that Rβ is

unbounded. Then there exists an unbounded sequence {pl} = {(xl, wl)}
defined on IRn × IRm

++ such that
(a) x0 = x̄, w0 = w̄,
(b) liml→∞ ‖pl − p0‖ = ∞,
(c) liml→∞Lβ,µ(x

l, wl, y) ≤ M.
We are going to show that for any sequence satisfying (a) and (b) we have

lim
l→∞

Lβ,µ(x
l, wl, y) = ∞, (24)

which contradicts (c).
Let P = {pl} = {(xl, wl)} be a sequence satisfying conditions (a) and (b).

Let us introduce sequences {ρl
i} = {wl

i − hi(x
l)} and {ϕl

i} = {β
2
ρl

i
2
+ yiρ

l
i −

µ log(hi(x
l) + ρl

i)}, i = 1, . . . , m. Since f(x) is bounded from below, to prove
(24) it is enough to show that

lim
l→∞

m
∑

i=1

ϕl
i = ∞. (25)

Let us first consider the simpler case when the sequence {xl} correspond-
ing to the sequence P is bounded. In this case, the corresponding sequence
{wl} is unbounded. We can assume that there exists a nonempty index set
of constraints I+ such that for any index i ∈ I+ we have liml→∞ wl

i = ∞
(otherwise we consider the correspondent subsequences). Since for any index
i = 1, . . . , m a sequence {hi(x

l)} is bounded, we have liml→∞ ρi(t) = ∞ for
i ∈ I+, and hence

lim
l→∞

ϕl
i = lim

l→∞

β

2
ρl

i

2
+ yiρ

l
i − µ log(hi(x

l) + ρl
i)) = ∞, i ∈ I+,

and (25) holds true.
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Now we study the case when the sequence S = {xl} corresponding to
the sequence P is unbounded. Let us first estimate separately ϕl

i for any
1 ≤ i ≤ m. In case hi(x

l) ≤ 1, then

ϕl
i =

β

2
ρl

i

2
+yiρ

l
i−µ log(hi(x

l)+ρl
i) ≥

β

2
ρl

i

2
+yiρ

l
i−µ log(1+ρl

i) ≥ −B1 (26)

for some B1 ≥ 0 large enough.
If hi(x

l) ≥ 1 then, keeping in mind that hi(x
l) + ρl

i > 0, we have

ϕl
i =

β

2
ρl

i

2
+ yiρ

l
i − µ log(hi(x

l) + ρl
i)

=
β

2
ρl

i

2
+ yiρ

l
i − µ log hi(x

l) − µ log

(

1 +
ρl

i

hi(xl)

)

≥ β

2
ρl

i

2
+ yiρ

l
i − µ loghi(x

l) − µ − µ
ρl

i

hi(xl)

≥ β

2
|ρl

i|
2 − |yi||ρl

i| − µ log hi(x
l) − µ − µ|ρl

i| ≥ −µ log hi(x
l) − B2,

where B2 is large enough. Invoking inequality (6) we obtain

−µ log hi(x
l) − B2 ≥ −µ log

(

max
1≤i≤m

hi(x
l)
)

− B2

≥ −µ log
(∣

∣

∣

∣

max
1≤i≤m

hi(x
l)
∣

∣

∣

∣

+ 1
)

− B2 ≥ −µ(C − min
1≤i≤m

hi(x
l))2 − B2

= −µ(C − hi0(x
l))2 − B2 ≥

{

−µC2 − B2, if hi0(x
l) ≥ 0

−µ(C + ρl
i0
)2 − B2, if hi0(x

l) < 0
≥

−µ max
{

C2, (C + ρl
i0
)2
}

− B2,

where i0 = i0(x) ∈ Argmin1≤i≤mhi(x
l). It follows from (5) and unbounded-

ness of the sequence {xl} that

lim
‖x‖→∞

ρi0(x)(x) = +∞.

Hence for all sequence numbers l large enough (that hi0(x
l) < 0) we have

ϕl
i ≥ −µ(C + ρl

i0)
2 − B2 (27)
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Combining (26) and (27), we obtain for l large enough (that hi0(x
l) < 0)

m
∑

i=1

ϕl
i = ϕl

i0 +
∑

i6=i0:hi(xl)<1

ϕl
i +

∑

i:hi(xl)≥1

ϕl
i

≥ β

2
ρl

i0

2
+ yiρ

l
i0
− µ log ρl

i0
− mB1 −

(

µ(C + ρl
i0
)2 + B2

)

m

The inequality β > 2µm guarantees that for such β condition (25) holds.
Thus, condition (24) also holds, and we have the contradiction. Therefore
the set Rβ is bounded.

It is easy to see that the set Rβ is closed. Therefore Lβ,µ(x
l, wl, y) reaches

its global minimum on IRn × IRm
++.

Lemma 2 is proven.

Remark 1 Following the proof of Lemma 2 we can show that there exists a
global minimum

S∞ = min
x∈IRn, w∈IRm

+

‖ρ(x, w)‖2 > −∞. (28)

and that any set

R∞ =
{

(x, w) ∈ IRn × IRn
+ : ‖ρ(x, w)‖2 ≤ M

}

is bounded.

Lemma 3 For any β > 0, there exists α > 0 such that for any primal-dual
approximation (x, w, y) such that w ∈ IRm

++, y ∈ IRm
++, the primal direction

∆p = (∆x, ∆w), obtained as the solution of the system (11) with the primal
regularization rule (13) and the dual regularization parameter ǫ = 1

β
, is a

descent direction for Lβ,µ(p, y) and

(∇pLβ,µ(p, y), ∆p) ≤ −α‖∆p‖2

Proof. For the regularization parameter ǫ = 1/β, the primal-dual system
(11) is as follows







H(x, y) 0 −A(x)T

0 Y W
A(x) −I 1

β
I













∆x
∆w
∆y





 =







−∇f(x) + ∇h(x)T y
µe − WY e
−h(x) + w





 . (29)
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After solving the third equation for ∆y and eliminating ∆y from the first two
equations we obtain the following reduced system for the primal directions

[

H + βAT A −βAT

−βA W−1Y + βI

] [

∆x
∆w

]

=

[

−σ + βAT ρ
γ − βρ

]

. (30)

On the other hand the gradient of Lβ,µ(x, w, y) with respect to x and w
is as follows

∇xLβ,µ(x, w, y) = σ − βATρ

∇wLβ,µ(x, w, y) = −γ + βρ

Therefore, assuming that matrix Nβ = H+AT [β−1I + Y −1W ]
−1

A is positive
definite ( otherwise the algorithm always regularizes it by adding λI such that
the smallest eigenvalue of matrix Nβ exceeds parameter λ0 > 0. ), we have
by Lemma A1 from the Appendix

[

∇xLβ,µ

∇wLβ,µ

]T [

∆x
∆w

]

= −
[

∆x
∆w

]T [

H + βAT A −βAT

−βA W−1Y + βI

] [

∆x
∆w

]

≤ −α max{‖∆x‖, ‖∆w‖}2,
(31)

where α depends on parameters λ0 and β. Lemma 3 is proven.
We will need also several lemmas about local convergence properties of

the algorithm.

Lemma 4 If z∗ = (x∗, w∗, y∗) is a solution to the problem (2) then the matrix

D(z∗) =







H(x∗, y∗) 0 −A(x∗)T

0 Y ∗ W ∗

A(x∗) −I 0







is nonsingular and hence there exists M∗ > 0 such that

‖D−1(z∗)‖ ≤ M∗. (32)

Proof. The proof is straightforward (see e.g. [5]).
Let Ωε(z

∗) = {z : ‖z − z∗‖ ≤ ε} be the ε-neighborhood of the solution to
the problem (2).
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Lemma 5 There exists ε0 > 0 and 0 < L1 < L2 such that for any primal-
dual pair z ∈ Ωε0

(z∗)the merit function ν(z) satisfies

L1‖z − z∗‖ ≤ ν(z) ≤ L2‖z − z∗‖. (33)

Proof. Keeping in mind that ν(z∗) = 0 the right inequality (33) follows
from continuity of ν(z) and the boundedness of Ωε0

. Therefore there exists
L2 > 0 such that

ν(z) ≤ L2‖z − z∗‖
Let us prove the left inequality. From a definition of a merit function ν(z)
we obtain

‖σ‖ ≤ ν(z), (34)

WY e ≤ ν(z), (35)

‖ρ‖ ≤ ν(z), (36)

Let us linearize σ, WY e and ρ at the solution z∗ = (x∗, w∗, y∗).

σ(z) = σ(z∗) + H(x∗, y∗)(x − x∗) − AT (x∗)(y − y∗) + O‖x − x∗‖2

WY e = W ∗Y ∗e + Y ∗(w − w∗) + W ∗(y − y∗) + O‖w − w∗‖‖y − y∗‖
−ρ(z) = −ρ(z∗) + AT (x∗)(x − x∗) − (w − w∗) + O‖x − x∗‖2

By Lemma 4 the matrix

D∗ = D(z∗) =







H(x∗, y∗) 0 −A(x∗)T

0 Y ∗ W ∗

A(x∗) −I 0







is nonsingular and there is a constant M∗ such that ‖D−1(z∗)‖ ≤ M∗. There-
fore we have

‖z − z∗‖ ≤ M∗ν(z) + O‖z − z∗‖2

Choosing L1 = 1/(2M∗), we obtain the left inequality (33), i.e.

L1‖z − z∗‖ ≤ ν(z)

Lemma 5 is proven.
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Lemma 6 Let the matrix A ∈ IRn,n be nonsingular such that ‖A−1‖ ≤ M
and the matrix B ∈ IRn,n is such that ‖A−B‖ ≤ ε for some ε > 0. Therefore
there exists ε > 0 such that matrix B is nonsingular and we have

‖B−1‖ ≤ 2M

Proof. Since the matrix A is nonsingular, we have

B = A − (A − B) = A(I − A−1(A − B)).

Let us denote matrix C = A−1(A − B). Since ‖A−1‖ ≤ M, we can choose
such ε > 0 small enough that

‖C‖2 ≤
1

2
√

n
.

Therefore there exists matrix (I − C)−1 and we have

‖(I − C)−1‖ ≤ ‖I‖ + ‖C‖ + ‖C‖2 + · · · ≤ 1 +
(

1

2

)

+
(

1

2

)2

+ · · · ≤ 2.

Thus we have the following estimate

‖B−1‖ = ‖(I − C)−1A−1‖ ≤ ‖(I − C)−1‖‖A−1‖ ≤ 2M.

Lemma 6 is proven.

Lemma 7 There exists ε0 > 0 and M2 > 0 such that for any primal-dual
pair z = (x, w, y) ∈ Ωε0

(z∗) and ǫ ≤ ε0 the matrix

Dǫ(z) =







H(x, y) 0 −A(x)T

0 Y W
A(x) −I ǫI







has an inverse and its norm satisfies

‖D−1
ǫ (z)‖ ≤ M2. (37)

Proof. It follows from the Lipschitz conditions and boundedness of Ωε0
(z∗)

that we have
‖Dǫ(z) −D(z∗)‖ ≤ C1ε0,
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for some C1 > 0. Therefore, by Lemmas 4 and 6 there exists M2 > 0 such
that

‖Dǫ(z)−1‖ ≤ M2.

for ε0 > 0 small enough. Lemma 7 is proven.
The following assertion is a slight modification of the Debreu theorem [4].

Assertion 1. Let H be a symmetric matrix, A ∈ IRr×n, Λ = diag(λi)
r
i=1 with

λi > 0 and there is θ > 0 that ξTHξ ≥ θξT ξ, ∀ξ : Aξ = 0. Then there exists
k0 > 0 large enough that for any 0 < θ1 < θ the inequality

ξT
(

(H + kAT ΛA
)

ξ ≥ θ1ξ
T ξ, ∀ξ ∈ IRn (38)

holds for any k ≥ k0.

The next lemma follows from Assertion 1.

Lemma 8 There exists ε0 > 0 small enough that for any approximation
of the primal-dual solution z = (x, w, y) ∈ Ωε0

(z∗), ǫ = νµ(z) and µ =
min{δν(z), ν(z)2}, the matrix Nǫ(x, y, w) is positive definite.

Proof. Let’s assume that the active constraint set at x∗ is I∗ = {i :
hi(x

∗) = 0} = {1, . . . , r}. We consider the vectors function hT
(r)(x) = (h1(x), . . . , hr(x)),

its Jacobian A(r)(x). The sufficient regularity conditions

rank A(r)(x
∗) = r, y∗

i > 0, i ∈ I∗

together with the sufficient conditions for the minimum x∗ to be isolated

ξTH(x∗, y∗)ξ ≥ θξT ξ, θ > 0, ∀ξ 6= 0 : A(r)(x
∗)ξ = 0

comprise the standard second order optimality conditions.
It follows from Assertion 1 and the second order optimality conditions

that the matrix M(x∗, y∗) = H(x∗, y∗)+kA(r)(x
∗)T A(r)(x

∗) is positive definite
for some k ≥ k0 and therefore the matrix M(x, y) remains positive definite
in some ε0 neighborhood of the solution (x∗, y∗).

The matrix Nǫ(x, y, w) can be written as follows

Nǫ(x, y, w) = H(x, y) + A(r)(x)T
[

W(r)Y
−1
(r) + ǫI

]−1
A(r)(x)

+ A(m−r)(x)T
[

W(m−r)Y
−1
(m−r) + ǫI

]−1
A(m−r)(x),

(39)
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where the second and the third terms correspond to active and inactive con-
straints. Keeping in mind (33), we have

ǫ = νµ(z) ≤ (1 + δ)ν(z) ≤ L2(1 + δ)ε0.

Also, due to the standard second order optimality conditions for the active
constraints, we have |wi| ≤ ε0 and τa ≤ yi ≤ 2τa, i = 1, . . . , m for some
τa > 0. Therefore, we obtain

[

W(r)Y
−1
(r) + ǫI

]−1 ≥ τa

1 + 2τa(1 + δ)L2
ε−1
0 I(r), (40)

where I(r) is the identity matrix.
For the inactive constraints we have |yi| ≤ ε0, and wi ≥ τin for some

τin > 0. Therefore, we have

[

W(m−r)Y
−1
(m−r) + ǫI

]−1 ≤ 1

τin
ε0I(m−r), (41)

where I(m−r) is also the identity matrix.
Therefore, by choosing ε0 > 0 small enough we can make the third term of

(39) very small and the elements of the diagonal
[

W(r)Y
−1
(r) + ǫI

]−1
as large

as necessary. Therefore the positive definiteness of the matrix Nǫ(x, y, w)
follows from Assertion 1.

Remark 2 It follows from Lemma 8 that in the neighborhood of the solution
there is no need for the primal regularization of the matrix Nǫ(x, y, w).

Lemma 9 There exists ε0 > 0 such that if any approximation of the primal-
dual solution z = (x, w, y) ∈ Ωε0

(z∗), with the barrier, dual regularization and
steplength parameters obtained by the formulas (17)-(21) and the primal-dual
direction ∆z = (∆x, ∆w, ∆z) obtained from the system (11) then

‖ẑ − z∗‖ ≤ c‖z − z∗‖2,

where ẑ is the next primal-dual approximation obtained by formulas (14)-(16)
and the constant 0 < c < ∞ depends only on the problem’s data.

Proof. Let ε0 > 0 be small enough that the conditions of Lemmas 5-8
hold true. Let z = (x, w, y) ∈ Ωε0

(z∗). Let us denote ‖z − z∗‖ = ε ≤ ε0. For
ε0 small enough and using (33), we have

µ = ν(z)2 ≤ L2
2ε

2. (42)
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It follows from formulas (33), (37) and (42) that

‖bµ(z)‖ = νµ(z) ≤ ν(z) + µ ≤ c1ε,

for some c1 > 0. Since the algorithm computes the primal-dual direction by
the formula ∆z = −Dǫ(z)−1bµ(z), then keeping in mind (37), we have

‖∆z‖ ≤ M2c1ε. (43)

First we prove an estimation for the primal and dual steplengths obtained
by formulas (17), (18) and (21). The second equation of the system (11) can
be rewritten as follows

yi∆wi + wi∆yi = µ − wiyi, i = 1, . . . , m.

Therefore, keeping in mind that µ > 0 and wiyi > 0, we have

yi∆wi + wi∆yi ≥ −wiyi, i = 1, . . . , m.

or

−∆wi

wi
≤ 1 +

∆yi

yi
, i = 1, . . . , m.

By Assumption (A4) for the set of active constraints we have |wi| ≤ ε and
yi ≥ τa > 0. Therefore keeping in mind (43) for the indices i : ∆w < 0 we
have

− wi

∆wi
≥ 1

1 + ∆yi

yi

≥ 1

1 + M2c1ε
τa

≥ 1 − c2ε, (44)

where c2 = M2c1
τa

. By formulas (21) and (33) we have

κ ≥ 1 − ν(z) ≥ 1 − L2ε. (45)

Therefore combining formulas (17), (44) and (45) we obtain

1 − c3ε ≤ αp ≤ 1. (46)

Following the same scheme we establish a similar estimate for the dual
steplength

1 − c4ε ≤ αd ≤ 1. (47)
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Let us denote A ∈ IRn+2m the diagonal matrix with the elements αi = αp,
i = 1, . . . , n + m and αi = αd, i = n + m + 1, . . . , n + 2m. Using A, the next
primal-dual approximation ẑ is computed by the formula

ẑ = z + A∆z.

Combining formulas (46) and (47) we obtain

‖I −A‖ ≤ c5ε, (48)

where c5 = max{c3, c4}. Now we estimate the distance between the next
primal-dual approximation ẑ and the solution. We have

ẑ−z∗ = z−AD−1
ǫ (z)bµ(z)−z∗ = A(z−z∗)−AD−1

ǫ (z)bµ(z)+(I−A)(z−z∗)

= AD−1
ǫ (z) (Dǫ(z)(z − z∗) − bµ(z)) + (I −A)(z − z∗)

= AD−1
ǫ (z) [D(z)(z − z∗) − b(z) + (Dǫ(z) − D(z))(z − z∗) + (bµ(z) − b(z)]

+(I −A)(z − z∗)

Using the Taylor expansion of b(z∗) around z we obtain

0 = b(z∗) = b(z) + D(z)(z∗ − z) + O‖z − z∗‖2,

or
D(z)(z − z∗) − b(z) = O‖z − z∗‖2.

Therefore, using formulas (19), (20), (33), (42) and (48), we have

‖ẑ − z∗‖ ≤ M2[‖D(z)(z − z∗) − b(z)‖ + ‖Dǫ(z) − D(z)‖‖z − z∗‖

+‖bµ(z) − b(z)‖] + c5‖z − z∗‖2 = M2[c6ε
2 + νµ(z)ε + µ] + c5ε

2

≤ M2[c6ε
2 + L2ε

2 + L2
2ε

3 + L2
2ε

2] + c5ε
2 ≤ cε2,

where c2 = M2(c6 + 3L2) + c5. Lemma 9 is proven.
Now we are ready to prove the main theorem about convergence proper-

ties of the IPM algorithm.
Theorem 1 Under assumptions (A1)-(A6), the IPM algorithm generates

a primal-dual sequence {zs = (xs, ws, ys)} such that any limit point x̄ of the
primal sequence {xs} is a first-order optimality point for the minimization of
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the l2 norm of the vector of the constraint violation v(x) = (v1(x), . . . , vm(x)),
where vi(x) = min{hi(x), 0} :

V (x) = ‖v(x)‖2.

If, in particular, V (x̄) = 0 then x̄ = x∗ is a a first order optimality point of
problem (1).

Proof. Let z∗ = (x∗, w∗, y∗) be a local or global solution to problem (2)
and let the sequence {zs}, where zs = (xs, ws, ys) = (ps, ys), be generated by
the algorithm with a given an initial approximation z0. Let ε0 > 0 be such
that conditions of Lemma 9 hold.

We consider three possible scenarios. First, if the initial approximation
z0 ∈ Ωε0

(z∗) then the algorithm converges to z∗ with a quadratic rate by
Lemma 9.

Now we consider the case when the trajectory of the algorithm is outside
the ε0-neighborhood of the solution. In this case the algorithm minimizes
the merit function Lβ,µ(p, y

s) in p. Indeed, it follows from Lemmas 2, 3 and
the Armijo rule (22) that for the fixed Lagrange multipliers y and the chosen
penalty parameter β the primal direction ∆p satisfies the following condition

(∇pLβ,µ(p, y), ∆p) ≤ −ᾱ‖∆p‖‖∇pLβ,µ(p, y)‖,

for some ᾱ > 0, and also that the gradient of the merit function ∇xLβ,µ(p, y
s)

satisfies the Lipschitz condition on some open set containing the level set
{p : Lβ,µ(p, y

s) ≤ Lβ,µ(p
s0, ys)}, where ps0 is a starting point of an uncon-

strained minimization of Lβ,µ(p, y
s) in p. Therefore the algorithm eventually

descends to the approximation p̂ of the first order optimality point of this un-
constrained minimization (see e.g. [7]). After finding such an approximation,
the algorithm changes the Lagrange multipliers by formula

ys+1 := ys + βρ(x̂, ŵ), (49)

if this update reduces the value of the merit function νµ(z) by a chosen factor
0 < q < 1. Otherwise the algorithm increases the value of penalty parameter
β and continues the minimization of Lβ,µ(p, y

s) in p.
Here, there are two further possible scenarios. They both occur when the

algorithm increases the value of the penalty parameter β after minimization
of the merit function Lβ,µ(p, y

s) in p.
By the second scenario the minimization of the merit function Lβ,µ(p, y

s)
in p for a larger β followed by the Lagrange multipliers update brings the
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trajectory close to the solution to the barrier problem (3) due to the global
convergence properties of the Augmented Lagrangian algorithm [8, 9]. In this
case the algorithm reduces the value of the merit function νµ(z). Therefore
for the value of the merit function ν(z) the following estimate takes place

ν(ẑ) ≤ νµ(ẑ) + µ = νµ(ẑ) + min{δr, r2},
where r is the previous record value of the merit function ν(z) and 0 < δ < 1.
The value of the barrier parameter µ is smaller than the previous record value
of the merit function ν(z) before parameter µ was decreased. Therefore the
reduction of the merit function νµ(z) will guarantee the reduction of the merit
function ν(z). Thus the algorithm reduces the merit function ν(z) followed
by the further reduction of the barrier parameter µ eventually brings its
trajectory to the neighborhood of some first order optimality point Ωε0

(z∗).
If z∗ is a local or global solution of the problem (2) then then the algorithm
converges to the solution by the first scenario. In general case, however, we
can guarantee that any limit point of the sequence generated by the algorithm
is the first order optimality point of the problem (2):

lim
s→∞

ν(zs) = 0,

lim
s→∞

ws ≥ 0,

lim
s→∞

ys ≥ 0.

By the third scenario the algorithm does not change the Lagrange mul-
tipliers y by formula (49) since this update does not reduce the value of the
merit function νµ(z). Therefore, the algorithm turns into the sequence of un-
constrained minimizations of the merit function Lβ,µ(p, y) in p followed by an
increase of the barrier parameter β. The vector of the Lagrange multipliers
y does not change according to the algorithm. Let us show that any limit
point of the primal sequence {xs} is actually the first order optimality point
for the minimization of the l2 norm of the vector of the constraint violation
v(x) = (v1(x), . . . , vm(x), where vi(x) = min{hi(x), 0} :

V (x) = ‖v(x)‖2.

First we will show that the primal sequence {ps} is bounded. Consider
the monotone increasing sequence 2mµ ≤ β0 ≤ β1 ≤ . . . ≤ βk ≤ . . . . We can
rewrite a merit function Lβ,µ(p, y) as follows

Lβ,µ(p, y) = Lµ(p, y) +
β

2
ρT ρ
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= (1 + β − β0)

[

1

1 + β − β0

(

Lµ(p, y) +
β0

2
ρT ρ

)

+
β − β0

2(1 + β − β0)
ρT ρ

]

=
1

ξ
[ξg1(p, y) + (1 − ξ)g2(p, y)] =

1

ξ
θξ(p, y),

where Lµ(p, y) = f(x) − µ
∑m

i=1 log wi + yTρ, ξ = 1/(1 + β − β0), g1(p, y) =
Lµ(p, y)+0.5β0ρ

T ρ, g2(p, y) = 0.5ρT ρ and θξ(p, y) = ξg1(p, y)+(1−ξ)g2(p, y).
Therefore the sequence of unconstrained minimizations of the merit function
Lβs,µ(p, y) in p for the monotone nondecreasing sequence β0 ≤ β1 ≤ . . . ≤
βk ≤ . . . is equivalent to the sequence of unconstrained minimizations of
function θξ(p, y) in p for the monotone nonincreasing sequence 1 = ξ0 ≥ ξ1 ≥
. . . ≥ ξk > 0.

Suppose that the primal sequence {ps} is unbounded. Since ps = (xs, ws) ∈
IRn × IRm

++, by Remark 1 following Lemma 2, the sequence {gs
2}, where

gs
2 = g2(p

s, y) is unbounded and

lim
k→∞

sup
0≤s≤k

gs
2 = +∞. (50)

We will show that (50) implies that

lim
k→∞

inf
0≤s≤k

gs
1 = −∞ (51)

with gs
1 = g1(p

s, y), which contradicts again Lemma 2.
First, we renumber the sequence {ps} as follows

p0 = pq0 , pq0+1, . . . , pq0+d0 = pq1 , pq1+1, . . . , pq1+d1 = · · · = pqk , pqk+1, . . . , pqk+dk , . . .

so all ps, s = qk, . . . , qk + dk correspond to the same value of ξk. For any k,
for all s = qk, . . . , qk + dk − 1 we have

ξkgs+1
1 + (1 − ξk)gs+1

2 ≤ ξkgs
1 + (1 − ξk)gs

2,

or, equivalently

gs
1 − gs+1

1 ≥ 1 − ξk

ξk
(gs+1

2 − gs
2) (52)

After the summation of the inequality (52) over all s = qk, . . . , qk + dk − 1,
we obtain

gqk
1 − gqk+dk

1 ≥ 1 − ξk

ξk
(gqk+dk

2 − gqk
2 ). (53)
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After the summation of the inequality (53) for all k = 0, 1, . . . j and keeping
in mind that gqk+dk

1 = g
qk+1

1 and gqk+dk
2 = g

qk+1

2 for k = 0, 1, . . . , j − 1, we
obtain

g0
1 − g

qj+dj

1 ≥
j
∑

i=1

1 − ξi

ξi
(gqi+di

2 − gqi

2 ). (54)

Assuming that s = qj + dj we recall that

lim
k→∞

sup
0≤s≤k

gs
2 = lim

k→∞
sup

0≤s≤k

j
∑

i=1

(gqi+di

2 − gqi

2 ) = +∞.

Since the sequence {ξk} is monotonically decreasing to zero, the sequence
{

1−ξk

ξk

}

is monotone, increasing and unbounded and greater than or equal to

one starting with k = 1. Therefore by Lemma (A2) from the Appendix we
have

lim
k→∞

sup
0≤s≤k

j
∑

i=1

1 − ξi

ξi
(gqi+di

2 − gqi

2 ) = +∞

Therefore using (54) we obtain

lim
k→∞

sup
0≤s≤k

(g0
1 − gs

1) = +∞,

or equivalently
lim
k→∞

inf
0≤s≤k

gs
1 = −∞,

which contradicts Lemma 2. Therefore our assumption of unboundedness of
the sequence {ps} was not correct and we conclude that the primal sequence
{ps} generated by the algorithm is bounded.

Now we show that any limit point of the primal sequence {xs} gener-
ated by the algorithm is actually the first order optimality point for min-
imization of the l2 norm of the vector of the constraint violation v(x) =
(v1(x), . . . , vm(x)), where vi(x) = min{hi(x), 0} :

V (x) = ‖v(x)‖2

The necessary conditions for the primal pair p̂ = (x̂, ŵ) to be a minimizer
of merit function Lβ,µ(p, y) in p is the following system

∇f(x) − A(x)T (y + βρ) = 0,
−µW−1e + y + βρ = 0.

(55)
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If the triple ẑ = (x̂, ŵ, ŷ), where ŷ = y + βρ satisfies system (55) then the
only reason that merit function νµ(ẑ) is not zero is infeasibility: ρ(x̂, ŵ) 6= 0.

Let us consider the sequence {zs}, zs = (xs, ws, ys) generated by the
algorithm. The dual sequence {ys} does not change from some point on. We
assume that ys = y for s ≥ s0. Also, the asymptotic infeasibility takes place:
lims→∞ ρi(x

s, ws) 6= 0 for some index i. We denote I− the index set of all the
indices such that lims→∞ ρi(x

s, ws) 6= 0 for i ∈ I−.
According to the algorithm for the sequence of the primal approximations

of exact minimizers, we have

∇f(xk) − A(xk)T (y + βkρ(xk, wk)) = Υk
n,

−µW−1
k e + y + βkρ(xk, wk) = Υk

m

(56)

where limk→∞ Υk
n = 0 and limk→∞ Υk

m = 0.
If the primal sequence (xk, wk) satisfy the system (56), then it will satisfy

the following system

∇f(xk)/βk − A(xk)T y/βk + A(xk)ρ(xk, wk)) = Υk
n/β

k,
−µ/βk + W ky/βk + W kρ(xk, wk) = W kΥk

m/βk (57)

Therefore keeping in mind the boundedness of the sequence {(xk, wk)}, we
have

lim
k→∞

A(xk)ρ(xk, wk) = 0, (58)

lim
k→∞

(wk
i − hi(x

k))wk
i = 0, i = 1, . . . , m. (59)

and
lim
k→∞

wk
i ≥ 0, i = 1, . . . , m. (60)

It is easy to verify that conditions (58)-(60) are also the first-order opti-
mality conditions for the problem

min ‖w − h(x)‖2
2,

s.t. w ≥ 0.
(61)

In turn, the solution to the problem (61) (x∗, w∗) minimizes V (x) (otherwise
it would contradict the optimality of the problem (61)).

The theorem is proven.
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6 Concluding remarks

In this paper we analyzed the convergence of the primal-dual interior-point
algorithm for nonlinear optimization problems with inequality constraints.
The important feature of the algorithm is the primal and dual regular-
ization, which guarantees that the algorithm minimizes the merit function
Lβ,µ(x, w, y) in (x, w) in order to drive the trajectory of the algorithm to the
neighborhood of a local minimum rather than any other first order optimality
point such as a maximum or a saddle point.

Another important feature of the algorithm is that it stabilizes a sequence
of primal approximations in the sense that the algorithm minimizes the l2-
norm of the constraint violation without any assumptions on the sequence
of primal and dual estimates to the optimal points. Such assumptions have
been common in recent convergence proofs.

The next step is to generalize the theory for equality constraints and to
work on numerical performance of the algorithm. Currently LOQO imple-
ments only primal regularization. Therefore the next important step in the
future research would be to modify LOQO to include new features of the
algorithm studied in this paper such as the dual regularization and more
careful updating of the dual variables. We believe that such modifications
can potentially improve the robustness of the solver.

Acknowledgement. The authors would like to thank Roman Polyak for his
valuable comments and suggestions, which helped to improve the manuscript.

7 Appendix

Lemma A1. Let matrices N = A − BT C−1B and C be symmetric positive
definite with the smallest eigenvalue λN > 0 and λC > 0 respectively. Then
the matrix

M =

[

A BT

B C

]

is also positive definite with the smallest eigenvalue λM > 0 depending on
λN and λC .

Proof. Let us show that for any z = (x, y) 6= 0 quadratic form zT Mz is
positive. Since matrix N is positive definite, we have

xT (A − BT C−1B)x ≥ λNxT x
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Therefore

[xT yT ]

[

A BT

B C

] [

x
y

]

= xT Ax + yTCy + 2yTBx

≥ λNxT x + xT BT C−1Bx + yTCy + 2yTBx

= λNxT x + C−1(Bx + Cy)2 ≥ λMzT z

where λM ≥ α min{λN , λC}, α > 0. Lemma is proven.
Lemma A2. Let series

∑∞
i=0 ai be such that the sequence of the largest

partial sums {sk}, where

sk = sup
0≤l≤k

l
∑

i=1

ai

is unbounded monotone and increasing, i.e.

lim
k→∞

sk = +∞. (62)

Also let a sequence {bk} with bk ≥ 1 be monotone increasing and such that
limk→∞ bk = +∞. Then for the series

∑∞
i=0 aibi the sequence of the largest

partial sums {pk}, where

pk = sup
0≤l≤k

l
∑

i=1

aibi

is also unbounded monotone increasing, i.e.

lim
k→∞

pk = +∞.

Proof. To prove the lemma we are going to show that pk ≥ sk for k =
0, 1, 2, . . . . Without loss of generality we assume that s0 = a0 are positive,
otherwise we can add any positive number in the series

∑∞
i=0 ai as the first

term without changing the property (62). Thus the sequence {sk} has the
following property

0 < s0 = sq0
· · · = sq1−1 < sq1

= sq1+1 = · · · = sq2−1 < · · · .

In other words, the sequence {sk} is shattered on infinite number of groups
with equal elements.

Since there is one to one correspondence between the sequences {sk} and
{ak}, where ak is the k-th term of the series

∑∞
i=0 ai, we can use the same
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enumeration for {ak} described above and based on the sequence {sk}. Con-
sequently, we will the same introduced enumeration of all the rest sequences
{bk}, {akbk} and {pk}.

Such enumeration helps us to understand some useful properties of the
elements of considered sequences. First of all it is easy to see that aqi+1 < 0,
if aqi+1 6= aqi+1

, and aqi
> 0, i = 0, 1, 2, . . . . Moreover, we have

qi+1
∑

j=qi+1

aj > 0, i = 1, 2, . . . .

Thus, for any i = 0, 1, 2, . . . all the negative terms of the sum
∑qi+1

j=qi+1 aj

are neutralized by following them positive terms and there is some reserve in
the last positive term aqi+1

that makes the whole sum positive.
Therefore, due to the monotonicity of the increasing positive sequence

{bk} for any i = 1, 2, . . . all the negative terms of the sum
∑qi+1

j=qi+1 ajbj are
also neutralized by following them positive terms. Moreover, keeping in mind
bi ≥ 1 for all i = 1, 2, . . . , we have

qi+1
∑

j=qi+1

ajbj ≥
qi+1
∑

j=qi+1

ajbqi+1 = bqi+1

qi+1
∑

j=qi+1

aj ≥
qi+1
∑

j=qi+1

aj

Since s0 = sq0
is positive then we have pq0

≥ sq0
. Assuming that pqi

≥ sqi
,

we obtain

pqi+1
≥ pqi

+
qi+1
∑

j=qi+1

ajbj ≥ pqi
+

qi+1
∑

j=qi+1

aj ≥ sqi
+

qi+1
∑

j=qi+1

aj = sqi+1
.

Therefore by induction we have pk ≥ sk for k = 0, 1, 2, . . . and

lim
k→∞

pk = +∞.

The lemma is proven.
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