Fast computation of Lyot-style
coronagr aph propagation

R. Soummer*1:2, L. Pueyo?,
A. Sivaramakrishnan 124, and R. J. Vander bei®

1Department of Astrophysics, American Museum of Natural History, New York, NY 10024
2 Center for Adaptive Optics, University of California, Santa Cruz, CA 95064
3Mechanical and Aerospace Engineering, Princeton University, Princeton, NJ 08544
4Department of Physics and Astronomy, Sony Brook University, Sony Brook, NY 11794
5QOperations Research and Financial Engineering, Princeton University, Princeton, NJ 08544
corresponding author:

rsoummer @amnh.org

Abstract: We present a new method for numerical propagations through
Lyot-style coronagraphs using finite size occulting masiandard meth-
ods for coronagraphic simulations involve Fast Fouriem$farms (FFT)
of very large arrays, and computing power is an issue for #sgth and
tolerancing of coronagraphs on Extremely Large Telescd#d) in
order to handle both the speed and memory requirements. @thooh
combines a semi-analytical approach with non-FFT basedétdransform
algorithms. It enables both fast and memory-efficient cataans without
introducing any additional approximations. Typical speegbrovements
based on computation costs are of twenty to fifty for propagatfrom
pupil to Lyot plane, with thirty to sixty times less memoryetked. Our
method makes it possible to perform numerical coronagcegthidies even
in the case of ELTs using a contemporary commercial laptoppeter, or
any standard commercial workstation computer.
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1. Introduction

The field of high contrast imaging has expanded rapidly inpgast few years, driven by the
prospect of science enabled by the direct detection andctaaization of extrasolar planets
and faint circumstellar disks. Several observatories feweched studies and development of
such projects, e.g. Gemini Planet Imager (GPI) [1], SPHEREOr HiCIAO [3]. In the future,
Extremely Large Telescopes (ELT) [4, 5, 6] will provide thghrer angular resolution necessary
to study more distant, planet forming regions, than todeigiat meter class telescopes, and also
faint old giant planets. The study of Earth-like planetsl wilobably have to wait for space-
based instruments [7, 8]. Ground-based imaging requieeagbociation of coronagraphy and
extreme adaptive optics (ExAO), which can be studied batbrétically and numerically [9,
10, 11, 12].

In this paper we study the numerical modeling of Lyot typeoo@graphs [13], including
Apodized Pupil Lyot Coronagraphs (APLC) [14, 15, 16, 17]pbase masks [18, 19]. These
coronagraphs consists of the succession of binary filtensilmcculting mask, Lyot stop). The
method we describe does not provide any significant imprevenm the case of infinite-size
focal plane masks [20, 21, 22, 23], and we will not discusselemronagraphs here. Under the
classical approximations of Fourier Optics [24], a Foufiensform (FT) relationship exists
between the field amplitude at two successive planes of trmnagraph. The pupil, with its
finite support, is not band-limited and so cannot be perfesstmpled according to the Shanon-
Nyquist sampling theorem [25]. The same problem pertaikeamcculting mask in the focal
plane. A remedy is to impose a very high sampling both in thgil@nd in the focal plane,
in order to represent small features (e.g. segmentatioacmmslary mirror support structures,
occulting spot). Note that Nyquist sampling of the focaln@awvith two pixels per resolution
element(A /D), is not sufficient here. Indeed, the small occulting maskahamical size of
about 5 /D, and would not be well represented by a disk of ten pixelsanmditer. This is even
more problematic for phases masks of sizé /D [18, 19, 26]. A considerable oversampling
of the PSF is therefore required for credible coronagrapttudeling.

This two-fold sampling requirement in two Fourier-conjteyalanes is not only a severe
practical problem, but raises a fundamental problem aatagtio the uncertainty principle. In
order to preserve complete information in the FT, a high dammjn one domain means that the
corresponding FT must be calculated to a very high frequéantlye reciprocal domain. This
is achieved optically when forming successively pupil aodal plane images. Numerically,
this can be reproduced using Fast Fourier Transforms (Ffit }his can lead to overwhelming
demands on memory and computing power. In Sec.2 we showhikdtihdamental limitation
makes classical FFTs poorly suited for Lyot-type coronphi@computations. In Sec.4 we
analyze the analytical formalism of coronagraphic protiagaand conclude that a partial FT
algorithm providing arbitrary sampling in a limited areari®re appropriate for coronagraphy.
Several methods can be used for that purpose [27, 28], ancttaéd d matrix-based FT, [29]



that can be implemented easily in any high-level languagfh, the advantage of being easily
(or automatically) parallelized on multi-cpu computers.

Comparisons between classical propagation with FFTs anskwni-analytical method show
a considerable gain both in speed and memory requirememtstfierefore opens new possi-
bilities for coronagraphic studies hitherto impossibl¢hout large computer cluster facilities.
Among them, the study of extremely fine sampling of the pufaihp in the case of ELTSs, of
extremely fine sampling of the occulting plane mask, or of-emdnd simulations of an EXAO
coronagraph to simulate a long exposure, are achievaliesteihdard desktop equipment.

2. Lyot-type Coronagraphs

In this section we recall the general formalism of Lyot-tyjgeonagraphs, following the nota-
tion of Aime et al. and Soummeet al. [14, 15, 17]. The general layout is given in Fig.1. The
setup consists of an ensemble of apodizers, masks and stfopg successive planésB,C,D,
respectively, wherd is the entrance aperturB,is the focal plane with the occulting mask,

is an image of the entrance aperture where a pupil mask dajledstop is placed an® is
the final image plane. We will consider the usual approxioretiof paraxial optics [24], and
that the optical layout is properly designed to cancel thedgatic phase terms associated with
Fresnel propagation, so that a FT relationship exists beiviwo successive planes. The tele-

Py,
v

Pupil Focal Pupil Focal
A B C D

Fig. 1. lllustration of the four coronagraphic planes: thipipbcorresponds to Plane A (pos-
sibly apodized). A focal masks (hard-edged, or phase magkaced in the focal plane B,
and a Lyot stop (possibly undersized) in plane C.

scope aperture function with the position veater (x,y) is denoted byP(r) (index function
equal to 1 inside the apertur#’). This aperture can be apodized by a funct®d(r). Note
that these functions do not have to be radial. A mask of trégssan 1— eM(r) is placed in
the focal planeM is the index function that describes the mask shapeequal to 1 inside
the coronagraphic mask and 0 outsides the index function of the Lyot stop. We recall that
both the Lyot coronagraph (opaque mask) and the Roddienagraph {r phase mask) can
be described by this common formalism, with= 1 for Lyot ande = 2 for Roddier using that
™= —1, as detailed in [14, 26]. The field amplitude in the four ®ssive planes are:

Wa(r) = P(r)o(r) (1)
Wa(r) = Wa(r)(1—eM(r)) 2)
Wo(r) = (Wa(r)—eWa(r)=M(r))L(r) (3)
Wp(r) = (Walr)—eWPa(r)M(r)) +L(r) 4)

In these equationsgenotes the Fourier Transformthe convolution product, and we assume
that the focal lengths of the successive optical systemsdargical (if not, an appropriate
change of variables leads to the same result). Also, weiestate the axis in the opposite



direction and omit the -1 proportionality factor for bettegibility here. Also, we assumed
a monochromatic propagation in these equations. The effette wavelength can be added
easily to this formalism: in the focal plane, the size of tloenpspread function is proportional
to the wavelength, but the mask (hard-edged or phase) hasdesiize. It can be readily shown
formally [14, 15, 30] that changing the wavelength is foripabuivalent to changing the mask
size.

3. Classical numerical propagation and FFTs

In order to compute the coronographic propagation, we deedsted in the numerical evalua-
tion of the Fourier integral between each plane. Without lafggenerality we consider the case
of a one-dimensional signdlx) with x € [-yD/2,yD/2] and f(x) = 0 for |x| > D/2, wherey

is a padding coefficient that will be later related to the heson of the FT in the image plane.

We illustrate the relationship between plane A and plane B fivgt recall classical results of

Fourier analysis [27]: the sampled Continuous Fourier $i@mm (CFT) can be written as a

Riemann sum:

_ yD/2 .
Flu) = /7 VD/Zf(x)e*'Z"X“kdx (5)
Na-1 "
~  OX f(xn)e '™t (6)
&

wherex, = (n— yNa/2)0x, n € [0, yNa — 1], corresponding to the sampling pointsfgk), and
uk = (k—Ng/2)du, k € [0,Ng — 1] are the sampled values of the Fourier transfaxis the
number of pixels along the pupil diameterandNg is the number of pixels in the focal plane.
Note that under the Riemann sum approximation, indepersd@ampling grids can be chosen in
both domains. However, when one chooses the samé\sizg/Nay = Ng for both arrays, and
the integration steps as:

1
X ou =, (7)
then Eq. 6 greatly simplifies to:

N-1

%(_]_)n]c(Xn)efiZTIkn/N7 (8)

n=

Fu) = %(_1)”/2*k

where the sum is now a Discrete Fourier Transform (DFT), tvltian be computed very ef-
ficiently using FFT algorithms. The number of floating poipteocations (flops) in a radix-2
Cooley-Tukey FFT of siz&\ is 5Nlog,N. It is generally assumed that this is also an approxi-
mation for the number of operations in any complex FFT (se@fample the documentation
of the FFTW package [31]).

It is critical to realize that this possibility of using FFTS obtained at the expense of a
fixed relationship between the focal plane sampling and #dugimg factor, forced by Eq. 7:
du=A/(yD), as illustrated on Fig. 2. Under this condition, the ocagltmask ofmresolution
elements is therefore sampled wigm pixels. Because stellar coronagraphs use very small
masks (typically 4~ 5A /D for an APLC, and\ /D for a PM or DZPM), decent sampling of
these masks (at the very least a few tens of pixels) imposgs leero padding factong A
general consensus for coronagraphic calculation is toyuses or y = 8. The memory and
computational speed problems associated with classicahographic algorithms stem from
the requirement of finely sampling the image plane mask. G&islead to prohibitively large
padding factors for some applications which can benefit éotigularly high sampling, such as



tip-tilt tolerancing [32], study of atmospheric differéaltrefraction effects, mask ellipticity or
roughness studies.

A common method to mitigate these mask sampling problentsusée a gray-pixel approx-
imation, where gray pixels are used at the edge of the mask:\thlue is defined as the ratio
of the area covered by the mask to the total pixel area. Thisigue corresponds to a slight
numerical apodization of the focal plane mask, akin to tleeaigin anti-alizing filter. The same
approach can be used for small features in the pupil plard, asi secondary mirror support
structures. However, there are cases where the gray apmtien cannot be used. For example,
the tolerancing of the effects of the small pupil featureg(sentation, spiders [33]), and their
mitigation by the Lyot Stop cannot be done with gray pixel @pmation. Prolate apodizers
for APLCs need to be defined without gray pixels in the pupfl][1n the case of phase masks
(Roddier [18] or Dual Zone [19]), the gray approximation isaningless for the phase mask,
and large padding coefficients have to be used since thedesragesvery small (typically one
resolution element).

YN a

A
Y

0 50 100 150 200 250 300 0 50 100 150 200 250 300

Fig. 2. Sampling relationship between pupil (left columniiamage plane (center), using
FFTs. The padded pupil plane arrayigmes larger than the actual pupil (hgre- 3), and
its Fourier transform features three pixels per unit of dagresolution, as shown in the
zoomed image of the core (right). In this case & 8 resolution element mask would not
be sufficiently sampled. A general consensus for coronagrajalculations is to usg= 6
ory=28.

4. Semi-analytical coronagraphic propagations
4.1. Principle

As shown in Fig. 2, FFT methods address the image plane sagnmiquirement by zero
padding the pupil, and mimicking the optical propagatiomsgrving the complete informa-
tion between planes. A much better approach can be derigedtfie analytical expression of



the field in the Lyot plane, simply re-writing Eq. 3 as:
We(r) = (WaA(r) — & Z [FZ[Wa(r)IM(N)]) L(r), ©)

where we can readily identify that the first FT of the pupildiamplitude# [Wa(r)] is truncated
by the occulting spoM(r), and that the second FT is truncated by the Lyot 3tap. This
means that we are only interested in the knowledge of theifdde limited areas, viz., the
limited occulting mask area, and the limited Lyot stop ak¥a.can thus completely circumvent
the sampling problem by restricting the information of tHesRo these two areas: the semi-
analytical approach consists of computing these limites&Ts numerically, and subtracting
the result from the pupil complex amplitude, according Eq. 9

In the case of one-dimensional problems (rectangularager{14], or perfect circular aper-
tures [15, 19]), the semi-analytical approach can be agtiiecalculating directly these two
limited-area FTs (or Hankel Transforms for circular apegt) using a one-dimensional numer-
ical integration algorithm. This approach presents someatages for phase masks calcula-
tions [19], but such direct integrations cannot be usedieffity in the two-dimensional case
for computation reasons.

In the general two-dimensional case, the two limited-afEsadan be calculated using partial
FT methods. Several methods exist to calculate such p&ftalsuch as the Fractional Fourier
Transform or chirp z-transform, [27, 28], and we describerysimple matrix-based method
in the next section [29]. These partial FT methods are igitadly slower that a FFT if exactly
the same computation is performed. However, since we akeiot@rested in a small number
of points within limited areas (occulting maakd Lyot stop), the effect is to replace fast calcu-
lations with very large arrays by slow calculations withywemall arrays. Note that far= 8,
only 40x 40 values of the FT need to be calculated in the first focalepfana 5 /D mask,
independently of the size of the pupil n pixels.

The semi-analytical propagation from the pupil to the Lylaine is performed as follows:

 Define the pupil field amplitudeithout zero padding as Bla x Np array, whereNy is
the diameter of the pupil in pixels.

» Calculate the FT to an arbitrary high sampling inside theaéimited to the occulting
mask as &g x Ng array, with e.gNg = 40 for a 5\ /D mask withy = 8.

« Calculate the FT of this previous field amplitude inside sraimited to the pupil (Na x
Na array).

* Reverse the spatial axes because two successive FTsrdstdunction while changing
the sign of the variable, and subtract the result from thel fieftd amplitude (An inverse
FFT can also be used between plane B and plane C to avoidireyérs axis).

Note that for convenience all masks (pupil and occultor)dafned with their centers located
on the pixelNa/2+ 1 (orNg/2+ 1), and that the focal plane mask can be defined using the gray
pixel approximation, as for the classical FFT method. Theseputation steps are illustrated in
Fig.3 and compared to the classical FFT approach. The filnowssthe actual arrays that are
calculated for both method: note that the semi-analyticgthmd does not use zero-padding in
the pupil plane and calculates the focal plane amplitudg imside the occulting mask, instead
of outside in the case of the classical FFT method.

In place C, the Lyot stop can be equal to the pupil size in tise chan APLC, or more gen-
erally undersized to optimize the coronagraphic efficieamyording to various possible criteria
[34, 17]. If the Lyot stop size has been previously chosemctilculated area can be limited to
the Lyot stop itself to accelerate further the computathar,in practice we usually calculate



the Lyot plane amplitude over the size of the entire pupihd€essary, it is straightforward to
oversize the calculated region, at the expense of compeffiwency, for example to see the
light diffracted outside the pupil.

Avoiding the typical six-to-eight fold zero-padding enebthe use of much smaller arrays,
than FFT calculations require. For example, in the case of{BP- 8m), the secondary mirror
support structures are abouwtniwide. Understanding the effects of spiders on coronagcaphi
performance is important since they appear bright in the pjane and musk be masked out
by the Lyot stop [33]. For example, with 4 pixels per spidéy—= 3200 pixels are needed in the
pupil. Standarg = 8 padding would require 2560025600 FFTs. The semi analytical method
enables this calculation in a few seconds on a standardajeskmputer (Table 2).

It is important to note that the calculations of the partiicknside the mask and the Lyot
stop does not correspond to an additional approximatioit,ragy seem that we discard the
informationoutsidethe focal plane mask. We do not lose any information becdugseethod is
based on the analytical formulation of Eqg. 3 (or Eq. 9). Irtipatar, it can be easily verified that
both method, give thexact same results to the numerical precision, when the same sampl
is used.

4.2. Matrix direct Fourier transform

In this section we describe a simple matrix Fourier tramaf@FT), which can be used for
the semi-analytical method. In order to restrict the corapan of the FT of the pupil to the
image plane sizen expressed in resolution elements ur(ids/D), we choose the sampling
step in plane B such thatu = m/Ng. We compute the Riemann sum directly using a matrix
formulation of Eq.6:

F (uo) g 2molo - g 2mio g 2Ny 1l f(%o)
F () = g 2mou - g lmi g AN, 1k f (%) ,
F(Ung 1) g Amoung-1 @ AMNg-1 @ 27N, 1UNg -2 f(XNa-1)
(10)

which can be rewritten as: R o

F(U) =e ™% . f(X), (11)
whereU = (Up.....Ung—1)", X = (Xo....Xn,—1) T, @nd exp-) is the element-wise exponential of
a matrix. Two-dimensional FTs can be implemented straigivérdly as follows:

+ Define the four vector) = (U.....Ung—1)", X = (Xo..... XNg—1)"s V = (Vg.....Vng—1) T,
Y = (Yoo Yna-1) "
» The vector elements arg = yx = (K—Na/2) x 1/Na andu; =v; = (I = Na/2) x m/Na,
fork=10,...,Na— 1] andl = [0,...,Ng —1].
e The two-dimension FT is obtained by computing the two mairbducts:
FUH) = 0 g amxT gy yy.gannV’ (12)
NaNs
where the normalization coefficient/(NaNg) imposes the conservation of energy ac-
cording to the Parseval theorem [25]: the energy in the éichirea FT is a fraction of
the total energy of the FT, corresponding to the limited andach was calculated.

* With this definition, the Fourier transform is centered isimilar fashion to the FFT,
with the zero frequency at the pixik /2 + 1.
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Fig. 3. lllustration of each computing steps for the clasisimethod using FFTs (left) and
the semi-analytical method (SAM) for a possible ELT geomeind an APLC. With the
classical method, a six-fold zero padding is used in thel§@ixel per resolution element

in the focal plane). The insert shows the application of the fesolution element opaque
mask. These computation involves two 4500500 FFTs. In the case of the semi-analytical
method we do not use zero padding of the pupil. In the focalgleve only need to calculate
the points of the FT that aieside of the occulting mask (note the difference with the FFT
method, where the pointaitside the mask are needed). The Lyot plane is obtained in the
area limited to the pupil geometry by analytically formirgetinterference between the
pupil and the wave diffracted by the mask. In this exampleophtain a speed improvement
of about 15 using 36 times less memory.



Note that when the conditions of Eq.7 are verified, both the &&d the matrix FT give identical
results. This should be used as a sanity check when implémgethe technique. This is not
surprising since the matrix method is a direct implemeatatif the Riemann sum, which is also
what is computed by a FFT very efficiently taking advantagsiwiplifications for particular
sampling conditions (Eq.8). With the MFT, the arbitrary gdimgy du in the focal plane is
obtained at the expense of partial information on the FTeNbat in the case of the MFT,
y still corresponds to the sampling of the FT (number of pixgds resolution element), but
not to the zero-padding coefficient. The use of the semiyéioal method enables to break the
sampling constraints of the FFT, and to provide increasedbfliy in the computation, since
the number of pixel in the pupil and in the focal plane arellptadependent in this case.

In terms of computation cost, the matrix FT involves 2 comgigatrix products of the form:

F=E; - f-Ep (13)

where the respective sizes of the three maiixf, E; are:Ng x Na, Na x Na, andNg x Na. We
consider the case of a complex FT for generality. Each eléofehe result in a matrix product
is the result oNa multiplications andNa — 1 additions. While complex addition requires 2 flops
(floating point operations), complex multiplications r@gwb flops. Since the two matricés
andE; can be calculated beforehand, in a similar fashion that H&fispare generated, the total
number of operations for the produtt, is thereforeNaNg(8Na — 2) ~ 8NA2NB, assuming
Na large enough. The number of flops involved in the first compEXT (pupil to focal) is
therefore:

N(MFT) = 8(NZNg 4 NaN3) — 2NaNg — 2N3. (14)

In the particular case where both pupil and image plane Hevedme array sizs, it is inter-
esting to note that the number of operations for the matrishogis proportional tdN® and
notN* as for a direct calculation of the DFT. This is because theguaessive matrix prod-
ucts take advantage of some redundancy in intermediatalagtms. The FFT is much more
efficient in this case, and the relative number of operatisns

n(FFT)  5logz(N)

n(MFT) 8N (15)

For example a 200Q 2000 FT requires 36 times more operations with a MFT than avFRrT.
This calculation, which takes about 0.5s with a FFT on a on B2@&pple G5 (1 Gflop/s),
would take 18s with a MFT. The performance comparison betleeFFT propagation method
and the semi-analytical method is given in Sec. 5.

4.3. Fast fractional Fourier transform

The computation of the FT in a limited area can also be madwywasFractional Fourier Trans-
form. This method is thoroughly presented by Bailey and Stwanber [27] and we refer to
these authors for a more detailed description of this algari Consider the Riemann sum
in Eq. 6, and assume that there is no zero padging ndx— (Nadx)/2, n € [0,Na — 1] with
0x=D/(Na) anduy = kdu— (Ngdu)/2,k € [0,Ng — 1] with du = 1/(yD) andNg = my, where
mis the size of the image plane mask in resolution elemens ghjitD). Note that hergr does
not correspond to an oversize of the pupil but directly tatheber of pixels per unit of angular
resolution in the image plane. The Riemann sum can be réewids:

N D . Na .
Fuk) = Ne‘("/V)(k*NB/a Z)elmNB/(VNA)f(xn)el2ﬂkn/(vf\lA) (16)
n=



which corresponds to a Partial Fourier Transform of theesgri = exp((iTmNg) / (YNa)) f (Xn).
This sum can be evaluated using Bluestein’s technique {85ich is related to the chirp z-
transform. By noticing thatkh = n? + k% — (k — n)? the Partial Fourier Transform above can
be written as a convolution:

N . Na . .
F(u) = %el(ﬂ/v)(kaB/Z) %e'mNB/(VNA)f(Xn)e|"kz/(VNA)e*m(n*k)z/(VNA) (17)
n=

Consequently, the computation of the field in the image ptaran arbitrary sampling can be
computed using a discrete convolution of sequences oflidgt\We direct the reader to the
aforementioned references for details on these compatstieemes. In order to use fast circu-
lar convolution algorithms, the incoming sequence needsetaero-padded by factor of two,
and then the computational cost is three FFTs of sidg 2Vhen the field in the image plane
is computed up to the Nyquist limit, the computational cdsthe method is 28a10g2(Na).
When the size of the final array Mg # N, partial convolution algorithms can be used, and
they reduce the computational cost td\A0og,(Ng) [27].

5. Performance comparison and practical applications
5.1. Computation costs for coronagraphic propagation

We compare the computation costs of coronagraphic projgegadm pupil to Lyot plane in the
case of the FFT and semi-analytical methods. As describeddyeoronagraphic propagation
with FFTs requires pupil zero-padding by a coefficignThe array sizes are therefdngNa )2,
whereN, is the number of pixel across the pupil diameter and the nawftféops involved in
each FFT is 10/Na)?l0gz(yNa). The total number of operations for a propagation from pupil
to Lyot plane is:

N(FFT) = 20(yNa)?loga(yNa) + 6(ym)?, (18)

where we also include the multiplication by the focal plareskn(g ym)? flops), which can be
neglected in most cases of interest.

With the semi-analytical method, the size of the first FT isited to the mask are&lz =
ym wherem is the mask size in resolution elements (we remind here fatdlly m =5
for a Lyot coronagraph anch = 1 for a Roddier or DZPM). The number of operations for
the first MFT (Eq. 14). The second MFT transforms tex Ng array into aNa x Na array
and its cost im(MFT) = 8(N2Ng + NaNZ) — 2NaNg — 2N2. The propagation from pupil to
Lyot plane includes the two MFTSs, the multiplication by tleedl plane mask (83 flops) and
the subtraction of the result from the pupill\@ flops). The total cost of a semi-analytical
propagation from pupil to Lyot plane is therefore:

N(SAM) = 16(NZ ym+ Na(ym)?) + 4(ym)? — 4NaNg, (19)

where the last terms can be neglected in most cases of int€hesrelative computation cost
between the classical FFT propagation and the semi-acallytiethod is therefore approxi-
mately:
N(FFT) _ 5yNaloga(yNa)
N(SAM) 4 mNp+ym?
neglecting the multiplication by the focal plane mask. Téxpression shows that there are
always more operations with the FFT than with the semi-aitalymethod, and that the relative
cost of the FFT increases with the padding fagtand the pupil siz&la.
In Fig.4, Fig.5, and Fig.6, we illustrate the gain betweengbmi-analytical and FFT meth-
ods, using the ratio of their computation costs given in Bqtd Eq.20. We first give some

(20)



results for a typical Lyot coronagraph simulation on an &anelass telescope, and two cases
where the computation gain can be even larger: an ELT siioualatith fine pupil sampling, or
a phase mask coronagraph where very fine sampling is reqnitkd focal plane.

Gain SAM vs. FFT

200 400 600 800 1000
Pupil diameter (pixels)

Fig. 4. Gain between SAM and FFT for a propagation from pupllytot plane, as a func-

tion of the number of pixels across the pupil. The gain is Basethe evaluation of the com-

putation costs for both methods. We use common zero-paddeffjcients y = 4,6, 8) and

amask sizen=5A /D. This corresponds to the regime of simulations of Lyot cagyaphs
for 8-meter class telescopes.
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Fig. 5. Same as Fig.4, but in the case of an ELT where a verg langber of pixel is used
in the pupil.

5.2. Case of direct imaging

It is also interesting to discuss briefly the case of direcding as a potential application
of the MFT. Although in most cases the MFT requires more ca@atpns than a FFT, it is

possible to identify a few cases where it can be more efficidns happens when the calculated
area is limited and/or when a fine sampling is needed. Wetiilltesthe case of a point spread
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Fig. 6. Same as Fig.4, but for a Roddier or Dual Zone coromdmwith a mask size ah=

A /D and an oversizing = 20. This corresponds to a maximum FFT size of 10000000
for the 500 pixel pupil.

function (PSF) calculation with a field of view ( FOV) of 50 odstion elements in Fig.7.

In this case, both techniques have similar costs with a tshglvantage for one or the other
depending on pupil size and sampling paramgtéf the PSF is only calculated to a FOV of
20 resolution elements, the MFT provides a gain by a factgewéral over the FFT (Fig.8). In

some applications where only the center of the PSF is negaéts comparable to that of the
coronagraphic cases can be obtained.

Gain MFT vs. FFT

L L L L |
200 400 600 800 1000
Pupil diameter (pixels)

Fig. 7. Non-coronagraphic, direct imaging with FFT and MFfene the PSF is calculated
to a field of view of 50 resolution element (25 in radius). BMRT and FFT have similar
costs with a slight advantage to MFTs when higher samplingésl.



Gain MFT vs. FFT
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Fig. 8. Non-coronagraphic, direct imaging with FFT and MFfene the PSF is calculated

to a field of view of 20 resolution element (10 in radius). Fdingited field of view, the

MFT can be significantly faster than the FFT. This can be @stting for coronagraphic and
extreme adaptive optics simulations.

5.3. Practical applications and implementation

In this section we discuss the actual performance of the-saaitical method for a specific
hardware, a 2003 Apple G5 dual processor 2Ghz computer V@HhRAM. We measured the
performance of this machine using the package FFTW (veif8il] and report the results in
Fig.9. We considered the case of double precision complear2ays, which is appropriate for
coronagraphic simulations. These results are consisiéimthose given on the FFTW website,
but we extend them up to 81928192 FFT to verify that the speed does not depend strongly
on the array size. The calculations have been made with thendpFTW _PATI ENT, which
optimizes the FFT plan prior to the calculation of the FFElitsWe used single-threaded FFTs
although the FFTW packages provides the possibility of mtliieaded calculations for further
speed improvement on multi-core machines.

In order to evaluate the machine’s performance for the MR cansidered the geekbench
benchmark software [36] which reports 1.4 Gflop/s for siphieeaded dot products and 2.6
Gflop/s for multi-threaded ones. It seems that dot produetskghtly more efficient than the
FFTW on this hardware (1.4 Gflop/s vs. 1 Gflop/s). This may betduhe easier implemen-
tation of the dot-product which takes direct advantage effhocessor’s vector engine. An
interesting aspect of the MFT is that it can take advantagea#nt multi-core computers, with
easy and efficient multi-threading of linear algebra caltiahs.

High level languages such at Mathematica or Matlab are vptiozed for vector computa-
tions. For example, we obtain 2.5 Gflop/s with Mathematicarfalti-threaded dot-products on
double precision complex arrays of sizes between 200000 and 1000& 10000. This result
is consistent with the benchmark results this machine (2dp@). In the case of a propagation
from pupil to Lyot plane, the speed goes down to 1Gflop/s wititimatica because the other
operations involved in the semi-analytical method are alby bptimized with this language.

In Table 1, we compare the two methods for three pupil siz&6 X256, 512x 512, 1024x
1024).Na andNg are the number of pixels used in the calculation, in the pandl focal planes.
We use the same number of pixels in the Lyot plane as in thd.pipishow the effect of the
sampling improvement from /4D to A /8D, obtained by zero-padding the pupil with FFTs.
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Fig. 9. Normalized speed expressed in Mflop/s using the FFp®#¢&age [31] on a 2Ghz

dual-processor 2003 Apple G5 with 4Gb RAM. The normalizeelespis defined as the

number of operations divided by the execution timeN40og,(N)/T whereT is the time

for one FFT (single-threaded, double precision compleaya): The red dots correspond

to power of twos arrays.This hardware delivers approxitpdt&flop/s over the range of

array sizes, which translates for example into 2.3s for 4089696 transforms, and 10s for
8192x 8192 transforms.

Note that for the semi-analytical method, the number ofgikia corresponds to the pupil size
itself, and thalNg corresponds to the focal plane mask size. For the Nk Eorresponds to the

zero-padded pupil. The timings given in the table corredgorthe time for 2 FFTs calculated
with FFTW3, neglecting the application of the focal planesitand zero-padding time. For the
semi-analytical method, we give timings obtained with Maittatica as example.

Coronagraphic simulations are usually performed with/&D to A /8D sampling, in order
to keep the FFTs manageable. With the semi-analytical ndetlie can increase the precision
significantly, and we typically use &/10D or A /20D sampling for the focal plane mask,
including gray pixel approximation. This corresponds t®a450 or 80~ 100 pixel diameter
mask for a 4~ 5 resolution element mask.

The semi-analytical method offers a total flexibility inres of sampling in both planes, and
there is no particular limitation to the type of calculaoliVe present a few examples in Table
2, which would hardly be achieved with FFT propagations. &ample, one can choose to
increase the sampling in the pupil, with a modeg8D sampling in the focal plane, in order
to study the effect of segmentation of an ELT. We show an eXamwipa 6000x 6000 pupil
array. This corresponds to calculations that are typicatgle on very large computer clusters
using the classical method. This would correspond to 36086000 FFTs withy = 6. It is
also possible to oversample dramatically the occultingkm@hkis can be used to study the
effect of the actual mask shape, such as ellipticity, edgghoess, fine alignment, or effects of
atmospheric differential refraction. We give an extremaragle with 1000 pixels in the pupil
and a resolution ok /200D. This calculation would corresponds to 20000200000 FFTs.

Another application is the simulation of Roddier or Dual 2grhase masks (DZPM), where
the masks have a typical size #fD, making the sampling problem even more critical for
FFTs. The optimization of DZPM [19], which was obtained gsiihe semi-analytical approach
by integrating directly the Hankel transforms, can be stddiy direct numerical simulations
with our method.



Table 1. Performance comparison of FFT-based and semytaahlmethods (SAM)Np
is the number of pixels across the pupil diameter, higds the size of the array in the
focal plane. The FFT timings correspond to 2 FFTs calculaii¢idl FFTW3, and the SAM
timings correspond to an actual propagation from pupil totlptane, with Mathematica.

Method Pupil Plane Image Plane Time
Na | Array size| Sampling| Array size(Ng)

FFT 256 1024 A /4D 1024 0.22s
FFT 256 2048 A /8D 2048 10s
SAM 256 256 A /8D 40 0.06s
FFT 512 2048 A /4D 2048 10s
FFT 512 4096 A/8D 4096 47s
SAM 512 512 A /8D 40 0.19s
FFT 1024 4096 A /4D 4096 4.7s
FFT 1024 8192 A/8D 8192 202s
SAM 1024 1024 A/8D 40 0.70s

Table 2. Performance of semi-analytical simulations faulde precision complex arrays,
with their possible applications. These calculations care performed using the FFT
method on commercial workstations, as they would corredpespectively to 200000
200000, 25606 25600, and 48009 48000 FFTs.

Method Pupil Plane Image Plane | Time Application
Na | Array size| Sampling| Ng
SAM | 1000 1000 A/200D | 1000| 135s Mask Tolerancing

SAM | 3200 3200 A/8D 40 6.1s | 4 pixel/spider on Gemini
SAM | 6000 6000 A/8D 40 22's | 5 mm/pixel for 30 m ELT

6. Conclusion

In this paper we introduced a semi-analytical method toutate the numerical propagation
through a Lyot-style coronagraph, without any additiongdraximation. We showed that FFTs
are not appropriate for Lyot coronagraphy because of furddah sampling limitation, and
should be avoided for these calculations. The semi-awalythethod is derived straightfor-
wardly from the analysis of the wave propagation, and reguine use of a Fourier transform
method producing arbitrary sampling in a limited area. S&vwaethods exist to perform such
transforms, and we suggest a matrix-based Fourier propaat can be implemented straight-
forwardly and efficiently in any language.

For coronagraphic studies for EXAO on ELTs and eight metassctelescopes, the typical
speed improvement based on computation costs is of at |t twenty to fifty compared to
the classical FFT coronagraphic propagation method. litiaddo speed, our semi-analytical
method is particularly efficient in terms of memory, as it sio®t involve any zero padding,
and typical memory improvement is of a factor fifty. In the €as a full propagation from
pupil to final focal plane, if the final FT is performed using BT the semi-analytical method
is approximately three times faster than a FFT-based padjmag since the propagation time is
entirely dominated by the final FT. If a reduced field of viewc#&culated in the final image,



which is often the case in extreme adaptive optics coromdyran MFT can be used in lieu of
an FFT. For example a factor of 5 can be gained on the last FN fer 400 andy = 10, and
the overall gain with the semi-analytical method is a factol5.

The semi-analytical method brings a total flexibility inrtes of sampling, since the sampling
in the pupil and focal plane are totally independent. Thisbées calculations hitherto impos-
sible, or requiring access to large and expensive compdiigsters. For example the study of
fine occulting mask features and alignment, or fine pupilcstmes like segmentation, is now
achievable on a good laptop or on any commercial workstation

The method may find interesting applications where a FT h&etoalculated in a limited
area. Applications may be found in adaptive optics for afitising spatial filters, pyramid
wavefront sensing, etc.

Our method also enables fast computation of optimal apodiweAPLCs, which involves
an iterative algorithm and makes computing efficiency evenentritical. APLCs are one of
the most promising concepts for high contrast imaging ims&nts on ELTs, and their study
requires the optimization of the mask size according toowesrcriteria and for broadband light.
This means that a theoretical apodizer has to be calculatexhth mask size in the optimiza-
tion study [17]. A complete exploration of the parametercgpancluding effects of segmen-
tation and spiders on the coronagraph is now made possitiieaateptable computing times.
Our method could be utilized in several current efforts &smd on ground and spaced based
coronagraphy.
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