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Abstract. One component of every multi-stage stochastic program is a
�ltration that determines the notion of which random events are observable
at each stage of the evolution. Within the context of interior-point methods,
we describe an e�cient pre-ordering technique, called �ltered dissection,
that takes advantage of the �ltration's structure to dramatically reduce
�ll-in in the factorization as compared with methods such as the default
methods employed by cplex-barrier and loqo. We have implemented this
technique as a minor modi�cation to loqo, and it produces a roughly 200-
fold performance improvement. In particular, we have solved a previously-
unsolvable, real-world, 6-stage �nancial investment problem having 800K
equations and 1,200K variables (and 8,192 points in its sample space) using
a single processor SGI workstation.
The �ltered dissection algorithmapplies in a natural manner to generic (lin-
ear and convex) multi-stage stochastic programs. The approach promises
to eliminate the need for decomposition algorithms for these classes of ap-
plications.

1. Introduction.

We are interested in multistage nonlinear stochastic programs. There are
several components to the de�nition of such problems. First, we assume the
existence of a sample space 
 on which is de�ned a �ltration F = fF t : t =
0; 1; : : : ; Tg. That is, F consists of an increasing sequence of �-algebras on 
.
Each �-algebra F t consists of those events that are \known" at time t. Since
we wish to consider stochastic programs for which practical algorithms can be
developed, we shall assume that 
 is a �nite set and that the time horizon T

is �nite. In such settings, every �-algebra is �nitely generated. That is, for
each �-algebra there exists a �nite partition of 
 such that every set in the
�-algebra is a union of sets in this �nite partition.
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A random variable, say Z, is simply a function de�ned on 
: Z = fZ(!) :
! 2 
g. If the function takes its values in a vector space, then it is called a
random vector. Similarly, if it takes its values in a space of matrices, then it
is called a random matrix. As is customary, given a random variable Z and
a �-algebra, say F t, we write Z 2 F t to indicate that Z is F t-measurable.
Since F t is �nitely generated, Z is F t-measurable if and only if it is constant
on each of the sets in the partition that generates F.
Since 
 is �nite, it is natural to introduce the \master" �-algebra consisting

of the collection of all subsets of 
 (generated by the partition consisting of the
individual points of 
). We assume that the sample space together with this
master �-algebra is also endowed with a probability measure which we denote
by P. The corresponding expectation operator shall be denoted, as usual, by
E. For each ! 2 
, we let p(!) denote the probability of the one-point set
consisting of ! alone:

p(!) = P(f!g):

The function p so de�ned is called the probability mass function associated
with P. Expectations are easily written in terms of this function:

EZ =
X
!2


Z(!)p(!):

Without loss of generality, we shall always assume that the probability mass
function is strictly positive on 
 (otherwise points from 
 could simply be
deleted).
Next, we �x an integer m and, for each t = 0; 1; : : : ; T , we assume that we

are given a random matrix At having m rows and nt columns. Also given is a
random m-vector b.1 The set of decision variables for the stochastic program
consists of a sequence of random vectors of the appropriate dimension:

x = fxt 2 R
nt : t = 0; 1; : : : ; Tg:

Let n = n0 + n1 + � � � + nT and let f be a concave function de�ned on Rn.
The function f shall be used to de�ne our objective function. It is taken to
be concave to allow for the modeling of risk averse behavior. Our multistage

nonlinear stochastic program can now be de�ned as:

maximize Ef(x)
subject to

PT
t=0At(!)xt(!) = b(!); ! 2 
;

xt(!) � 0; t = 0; 1; : : : ; T; ! 2 
;
xt 2 F t; t = 0; 1; : : : ; T:

(1.1)

1Note that, to be consistent with notational conventions in the optimization community,
we allow lower case letters to denote random variables even though such a convention is
uncommon in the stochastic processes community.
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The constraints from the last group in (1.1) are called non-anticipativity con-
straints. These constraints have the obvious interpretation that decisions made
today cannot depend on information received tomorrow (or any day there-
after).
The multistage nonlinear stochastic program de�ned by (1.2) �ts the frame-

work of robust optimization [] and depicts a special case of multi-stage stochas-
tic programs []. A wide variety of real-world planning problems �t this model.
Some typical examples inlcude: �nancial planning to maximize investor wealth
over a �xed horizon [], design of telecommunication facilities to achieve a ro-
bust system in the face of stochastic demands and possible equipment failure
[], aircraft scheduling to meet uncertain demand [], and assignment of produc-
tion levels to global facilities in order to minimize uncertain currency costs [].
In each case, the model quickly becomes large as the number of decision stages
T and the cardinality of the sample space 
 increase. As such, multi-stage
stochastic programs often require supercomputer resources in order to �nd an
optimal solution.
As mentioned above, for each t, the �-algebra F t is �nitely generated which

means that there is a partition, call it Ft, of 
 into sets F 1
t ; F

2
t ; : : : ; F

Jt
t such

that each set in F t is a union of sets from this partition. Furthermore, a
random variable is F t measurable if and only if it is constant on each of
the generating sets. Hence, the non-anticipativity constraints in (1.1) can be
rewritten as

xt is constant on F
j
t ; j = 1; 2; : : : ; Jt; t = 0; 1; : : : ; T:(1.2)

Since the �-algebras in a �ltration are increasing, it follows that each F
j
t is

contained in some F k
t�1. We say that F j

t is a descendent of F k
t�1 if F

j
t � F k

t�1.
As shown in Figure 1, whenever F0 is trivial (i.e., has just one generator:
F 1
0 = 
), this notion of descendency de�nes a tree structure on the generating

sets (in general it de�nes a forest). This tree is called a scenario tree.

The constraint that xt is constant on F
j
t can be expressed many ways.

The most e�cient is to enumerate the sample points belonging to F
j
t , say

f!1; !2; : : : ; !Kt;j
g, and simply to equate the values of xt from one point to

the next:

xt(!1) = xt(!2) = � � � = xt(!Kt;j
):

For example, in Figure 1 the constraint that x2 is constant on F 4
2 can be

expressed as x2(!5) = x2(!6) = x2(!7).

1.1. Compact vs. Expanded Representation. The problem de�ned by
(1.1) is called the expanded representation. The so-called compact representa-

tion is obtained by introducing just a single decision vector for each generator
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Figure 1. A typical scenario tree. Each �lled circle represents
a decision variable. Those decision variables enveloped within
one darkened area must be equal to each other.

set F j
t , call it x

j
t , and then dropping the nonanticipativity contraints:

maximize
P

!2
 f(x(!))

subject to
PT

t=0At(!)x
jt(!)
t = b(!); ! 2 
;

x
j
t � 0; j = 1; 2; : : : ; Jt;

t = 0; 1; : : : ; T;

(1.3)

where jt(!) denotes that index j for which ! 2 F j
t and

x(!) = (xj0(!)0 ; x
j1(!)
1 ; : : : ; x

jT (!)
T ):

As its name implies, the compact representation has many fewer variables
and constraints than the expanded representation. However, it is well known
that, for large sparse optimization problems, structure determines algorithm
e�ciency more than overall size parameters such as numbers of variables and
constraints. Such is the case in the present context in that interior-point
methods (described in the next section) applied to these problems perform
just as well on the expanded representation as on the compact one (in some
cases even better; see, e.g., []). Hence, we shall only consider the expanded
representation from this point onward.
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1.2. Expression in Matrix Form. For the example shown in Figure 1, the
equality constraints can be written in the following block matrix form:

2
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=
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:

Note that the matrices At, the vectors xt, and the right-hand side b are all
random variables and their multiple appearances in the above equations repre-
sent evaluations at the di�erent sample points. For example, in the �rst row of
constraints each of these random variables are evaluated at !1, in the second
row they are evaluated at !2, etc. In order to de�ne an algorithm for solving
the stochastic program, we shall need notations for these block matrices and
vectors. Hence, we shall let A denote the constraint matrix, b shall denote
the right-hand side vector, and x shall denote the vector of decision variables.

Viewed simply as a function of the vector of decision variables, x, we shall
write the objective function as

�(x) = Ef(x) =
X
!2


f(x0(!); : : : ; xT (!)):

It should be noted that the objective function � is partially separable. This
fact will be exploited when developing e�cient implementations, but can for
the moment be forgotten.

In terms of our matrix notation, the multistage nonlinear stochastic program
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can now be written succinctly as:

maximize �(x)
subject to Ax = b

x � 0:
(1.4)

In the next section, we shall present an interior-point method for solving (1.4)
and indicate that an e�cient implementation of this method hinges on being
able to e�ciently solve a large system of equations called the reduced KKT
system. For numerical stability reasons, it is generally felt that direct methods
provide the best approach to solving this system of equations. That is, some
permutation of the system is to be factored and then solved using forward and
backward substitution. The e�ciency of direct methods depends critically
on �nding a good ordering heuristic to determine a row/column permutation
which o�ers very little �ll-in in the factorization process. These issues shall
be taken up in section 3, where we shall describe our new ordering heuristic.
This heuristic is a sort of generalization of the well-known nested-dissection
heuristic. We refer to it as �ltered dissection. Finally, Section 4 contains our
computational results.

2. An Interior-Point Method.

As a starting point for our implementation we used loqo. The algorithm
implemented in loqo is a one-phase primal-dual path-following method. As
implemented, it operates directly on quadratic programming problems pre-
sented in the following general form:

minimize f + cTx+ 1
2
xTHx

subject to b � Ax � b+ r
l � x � u:

(2.1)

Here, A is an m�n matrix of coe�cients, b is called the right-hand side (even
though it appears on the left), r is the vector of ranges on the constraints,
and u and l are the vectors of upper bounds and lower bounds, respectively,
on the variables. The objective function, f + cTx + 1

2x
THx, is a quadratic

function. The matrix H appearing in the quadratic term is assumed to be
positive semide�nite so that the objective function is convex.
For the multi-stage nonlinear stochastic program given in (1.4), the lower

bounds and ranges are zero and the upper bounds are in�nite. Hence, we shall
describe loqo only as it applies to such cases. Also, the objective in (1.4) is
a maximization. To convert it to a minimization we simply negate the objec-
tive function. More crucially, the objective function in (1.4) is not necessarily
quadratic. We handle general convex objective functions as follows. loqo is
an algorithm that starts with an initial guess at the solution and iteratively
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updates this guess until it arrives at an essentially optimal solution. At the
beginning of each iteration, we approximate the general objective function by
the �rst few terms of its Taylor series expansion to get a quadratic approx-
imation. loqo has built-in hooks that make it easy to modify the problem
within the solution process and using these hooks we are able to handle quite
easily (smooth) convex objective functions.
Before presenting the interior-point algorithm implemented in loqo, we

must �rst introduce arti�cial variables as appropriate. In the present context
of vanishing lower bounds and ranges and in�nite upper bounds, this amounts
to rewriting the problem as follows:

minimize f + cTx+ 1
2x

THx

subject to Ax�w = b

w + p = 0

x;w;p � 0:

(2.2)

The reader may be wondering why we have included the second constraint.
Since w and p are assumed to be nonnegative, the second constraint implies
that both w and p must be zero. But, as we shall see shortly, our method is
an infeasible method. This means that equality constraints are not enforced
at the start { they only take e�ect as the algorithm approaches an optimal
solution. In fact, both vectors w and p are initialized to be strictly positive
and the iterations of the algorithm eventually push them close to zero (they
never get quite there). By putting these positive variables into the formulation
we arrive at an algorithm that is much more stable than what one would get
without them. As far as we know, loqo is the only implementation of an
interior-point method that exploits this observation.
The dual of (2.2) is:

maximize f + bTy � 1
2x

THx

subject to ATy + z �Hx = c

y + q � v = 0

z;v;q � 0
y free.

(2.3)

2.1. Central Path. In order to de�ne the interior-point method, we must
�rst introduce the primal-dual central path. We parametrize this path by
a positive real parameter �. Indeed, for each � > 0, we de�ne the associ-
ated central-path point in primal-dual space as the unique point that simul-
taneously satis�es the conditions of primal feasibility, dual feasibility, and �-
complementarity. Ignoring nonnegativity (which is enforced separately), these
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conditions are:

Ax�w = b

w + p = 0

ATy + z �Hx = c

y + q � v = 0

XZe = �e

V We = �e

PQe = �e:

(2.4)

The last four equations are the �-complementarity conditions. As usual, each
upper case letter that appears on the left in these equations denotes the di-
agonal matrix having the components of the corresponding lower-case vector
on its diagonal. This is a nonlinear system of 2n + 5m equations in 2n + 5m
unknowns. It has a unique solution in the strict interior of the appropriate
orthant in primal-dual space:

f(x;w;p;y;z;v;q) : x;w;p;z;v;q � 0g:(2.5)

This fact can be seen by noting that these equations are the �rst order opti-
mality conditions for an associated strictly convex barrier problem (see, e.g.
[13]).

As � tends to zero, the central path converges to the optimal solution to
both the primal and dual problems. A primal-dual path-following algorithm is
de�ned as any iterative process that starts from a point in the strict interior
of (2.5) and at each iteration estimates a value of � representing a point on
the central path that is in some sense closer to the optimal solution than the
current point and then attempts to step toward this central-path point making
sure that the new point remains in the strict interior of the appropriate orthant.

2.2. Apply Newton's Method to get Step Directions. Suppose for
the moment that we have already decided on the target value for � and let
(x; : : : ;q) denote the current point in the strict interior of (2.5). Applying
Newton's method to �nd a solution to (2.4), we get the following equations
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for the step directions (�x; : : : ;�q):

A�x��w = b�Ax+w =: �

�w +�p = �w � p =: �

AT�y +�z �H�x = c�ATy � z +Hx =: �

��y ��q +�v = y + q � v =: �

X�1Z�x+�z = �X�1e� z =: 
z

V �1W�v +�w = �V �1e�w =: 
w

P�1Q�p +�q = �P�1e� q =: 
q;

(2.6)

where we have introduced notations �; : : : ;
q as shorthands for the right-hand
side expressions. This system can be mostly solved by inspection yielding a
much smaller system to solve. The details are given in [] so we just summarize
the result here. First, we must solve"

�(H +D) AT

A E

# "
�x

�y

#
=

"
� �X�1Z�̂

��E(�̂ �P�1Q�̂)

#
;(2.7)

where E and D are diagonal matrices given by

E =
�
VW�1 + P�1Q

��1
and

D =X�1Z;(2.8)

and �̂, �̂, and �̂ are given by

�̂ = �� PQ�1
q

�̂ = � � VW �1
w

�̂ = XZ�1
z:

Then, compute the remaining step directions sequentially as follows:

�w = �E(�̂ � P�1Q�̂+�y)

�q = P�1Q(�w � �̂)

�z = X�1Z(�̂ ��x)

�p = PQ�1(
q ��q)

�v = VW�1(
w ��w):

System (2.7) is called the reduced KKT system. It is important to emphasize
that both E and D have strictly positive diagonal entries. The fact that E
has strictly positive diagonal entries is a direct consequence of our allowing
w and p to be strictly positive and having the algorithm force these variables
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toward zero as optimality is approached (as opposed to setting them to zero
from the start).

2.3. Compute Step Lengths. Finally, for Newton's method the desired
step length is one, but a ratio test is performed to see whether it needs to be
shortened to maintain strict positivity of the nonnegative variables.

2.4. Solving the Reduced KKT System. There are many possible orders
in which one can solve the reduced KKT system. For example, if we were to
use the �rst equation in (2.7) to solve for �x and then eliminate it from the
second equation, the resulting system for �y would involve the matrix

A(D +H)�1AT

(this is the normal-equations approach used in OB1 [7, 8] and cplex-barrier).
Similarly, if we were to solve the second equation for �y and then eliminate
this variable from the �rst equation, the resulting system for�x would involve
the matrix

ATE�1A

(this is the approach advocated by the optimization group at the National
Institute of Standards and Technology [1, 10]). Both of these will generally
entail �ll-in, which in some cases can be considerable. For example, if the
Hessian H is not a diagonal matrix or if the matrix A has a dense column,
the �rst form will su�er \catastrophic �ll-in". On the other hand, if A has a
dense row, the second form will be very bad. If A has both dense columns and
dense rows, then both of these forms will su�er unnecessarily large amounts
of �ll-in and one would prefer, in that case, to work with the larger system to
�nd a pivot order that does not generate so much �ll-in. This idea was �rst
suggested by Turner [11] and has been adopted by Saunders et.al. [6, 5, 4]
and Mehrotra [2]. All three use a Bunch-Parlet factorization of the inde�nite
system. Solving the larger system is also the approach adopted in loqo, but
loqo does not employ a Bunch-Parlet factorization. Instead, loqo uses a
modi�ed Cholesky factorization code that has been altered to solve symmetric

quaside�nite systems (see [12]). Equation (2.7) is an example of such a sys-
tem. The matrices de�ning these systems share with symmetric semide�nite
matrices the nice property that the (diagonal) pivots can be selected based
only on a �ll-in minimizing heuristic; i.e., without regard for the numerical
values, which may only be known later.
There are two types of �ll-in minimizing heuristics: myopic heuristics, such

as minimum-degree [3], which sequentially minimize the �ll-in produced in
each subsequent stage of elimination and global heuristics, such as nested-

dissection [9], which analyze the overall structure to �nd good orderings. In
the symmetric quaside�nite system (2.7), there is an obvious global structure
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that one can exploit. For example, the lower-right block is a diagonal matrix
(as is the upper-left block whenever H is diagonal or absent). Hence, initial
pivots selected from the lower-right block can only produce �ll-in in the upper-
left block. It is generally advantageous to exploit this structure. Hence, we
have implemented a priority minimum-degree method. Each diagonal element
is assigned a small integer representing an elimination priority. At �rst, pivots
are selected only from the elements assigned priority zero. Within this priority
class, pivots are selected according to the usual minimum degree heuristic.
Only after all priority zero pivots have been eliminated do we proceed to the
priority one elements. Again, within this priority class, the elimination order
is determined using the minimum-degree heuristic. This process is continued
through each priority class until all elements are eliminated.
By default loqo uses a heuristic to determine how to set the priority classes.

However, for multi-stage nonlinear stochastic programs we have altered the
code so that the priority classes are set to re
ect the inherent scenario tree
structure. We call this ordering �ltered dissection. It is discussed in detail in
the next section.

2.5. Further Issues. There are many further implementations issues that
we have not touched on such as

� Initializing (x; : : : ;q).
� Detecting optimality, unboundedness, and infeasibility.
� Setting � appropriately in each iteration.
� Computing step lengths.
� Using the so-called predictor-corrector technique to �nd better search
directions.

� Using iterative re�nement and diagonal perturbation to improve numer-
ical stability.

These issues and more are discussed in depth in [].

3. Tree Dissection.

4. Computational Results.
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