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ABSTRACT. Many nonlinear optimization problems can be cast as second-order cone program-
ming problems. In this paper, we discuss a broad spectrum of such applications. For each applica-
tion, we consider various formulations, some convex some not, and study which ones are amenable
to solution using a general-purpose interior-point solverLOQO. We also compare with other com-
monly available nonlinear programming solvers and special-purpose codes for second-order cone
programming.

1. INTRODUCTION.

Second-order cone programming(SOCP) refers to optimization problems having the form

minimize f T x
subject to ‖Ai x + bi‖ ≤ cT

i x + di , i = 1, . . . ,m,

wherex ∈ Rn is the optimization variable, and all other quantities,f ∈ Rn, Ai ∈ Rki×n , bi ∈ Rki ,
ci ∈ Rn, anddi ∈ R, are data. The norm is the Euclidean norm:‖u‖ = (uT u

)1/2
. Constraints of the

form
‖Ax + b‖ ≤ cT x + d

are calledsecond-order cone constraintsbecause the affinely defined variablesu = Ax + b ∈ Rk and
t = cT x + d ∈ Rare constrained to belong to thesecond-order conedefined by

{(u, t) ∈ Rk+1 : ‖u‖ ≤ t}.
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A recent paper of Lobo, et al., [15], describes an impressive collection of applications that can be
formulated as SOCP problems. In this paper, we describe how to solve these problems and others
using LOQO, which is software that implements an interior-point method for general (nonconvex)
nonlinear programming problems ([26]). Thenonlinear programmingproblems handled byLOQO

can be expressed as follows:

minimize f (x)
subject to hi(x) ≤ 0, i = 1, . . . ,m,

(1)

where f and each of thehi ’s are real-valued functions onRn.
According to the analysis given in [26],LOQO should converge to a globally optimal solution when

the function f and all of thehi ’s are convex and twice continuously differentiable. In the case of
SOCP, f is linear and each

hi(x) = ‖Ai x + bi‖ − cT
i x − di

is convex but is not differentiable on the affine setAi x + bi = 0.
The nondifferentiability ofhi(x) could potentially pose a problem for any solver that relies on the

computation of derivatives of the constraint functions. But, in practice, one would only expect trouble
(1) if an intermediate solution happens to be at a place of nondifferentiability or
(2) if the optimal solution is at a point of nondifferentiability.

With interior-point methods (and perhaps others), the first case is easy to address by simply random-
izing the initial solution. Then the probability of encountering an intermediate solution at which a
derivative fails to exist is zero. The second case is more serious. When we consider specific appli-
cation areas later in this paper, one of our primary considerations will be this nondifferentiability at
optimality issue. In the next section, we shall give an example that illustrates exactly what fails in the
case of interior-point algorithms.

2. INTERIOR-POINT METHODS FORNONLINEAR PROGRAMMING.

In this section, we first describe the interior-point method implemented inLOQO and then we ad-
dress the issue of nondifferentiability.

2.1. The Interior Point Algorithm. The general interior-point paradigm implemented inLOQO is
described as follows. First, add slack variableswi to each of the constraints in (1), reformulating the
problem as

minimize f (x)
subject to h(x)+w = 0,

w ≥ 0,
(2)

whereh(x) andw represent the vectors with elementshi(x) andwi , respectively. We then eliminate
the inequality constraints in (2) by placing them in a barrier term, resulting in the classical Fiacco-
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McCormick [6] logarithmic barrier problem

minimize f (x)− µ
m∑

i=1

log(wi)

subject toh(x)+w = 0.

(3)

The Lagrangian for this problem is

Lµ(x, w, y) = f (x)− µ
m∑

i=1

log(wi)+ yT (h(x)+w),

and the first-order KKT conditions for a minimum are

∇x L = ∇ f (x)+∇h(x)T y = 0,
∇wL = −µW−1e + y = 0,
∇y L = h(x)+ w = 0,

(4)

whereW is the diagonal matrix with elementswi , e is the vector of all ones, and∇h(x) is the Jacobian
matrix of the vectorh(x). We now modify (4) by multiplying the second equation byW , producing
the standard primal-dual system

∇ f (x)+ ∇h(x)T y = 0,
−µe+WY e= 0,

h(x)+w= 0,
(5)

whereY denotes the diagonal matrix with elementsyi . Note that the second equation implies thaty is
nonnegative, which is consistent with the fact thaty is the vector of Lagrange multipliers associated
with what were originally inequality constraints.

The basis of the numerical algorithm for finding a solution to the primal-dual system (5) is New-
ton’s method, which is well known to be very efficient for linear and convex quadratic programming.
In order to simplify notation and at the same time highlight connections with linear and quadratic
programming, we introduce the following definitions:

H(x, y) = ∇2 f (x)+
m∑

i=1

yi∇2hi(x)

and

A(x) = ∇h(x).

The Newton system for (5) is then H(x, y) 0 A(x)T

0 Y W
A(x) I 0

 1x
1w

1y

 =
 −∇ f (x)− A(x)T y

µe −WY e
−h(x)− w

 .(6)
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The system (6) is not symmetric, but is easily symmetrized by multiplying the second equation by
W−1, yielding  H(x, y) 0 AT (x)

0 W−1Y I
A(x) I 0

 1x
1w

1y

 =
 −σγ
−ρ

 ,(7)

where

σ = ∇ f (x)+ AT (x)y,(8)

γ = µW−1e − y,(9)

ρ = w + h(x).(10)

Note thatρ measuresprimal infeasibility. By analogy with linear programming, we refer toσ asdual
infeasibility. Also, note thatσ , γ , andρ depend onx , y, andw even though we don’t show this
dependence explicitly.

It is (7), or a small modification of it, thatLOQO solves at each iteration to find the search directions
1x , 1w, 1y. Since the second equation can be used to eliminate1w without producing any off-
diagonal fill-in in the remaining system, one normally does this elimination first. Hence,1w is given
by

1w = WY−1(γ −1y)

and the resultingreduced KKT systemis given by[
H(x, y) AT (x)

A(x) −WY−1

][
1x
1y

]
= −

[
σ

ρ + WY−1γ

]
.(11)

The algorithm then proceeds iteratively from an initial pointx (0), w(0), y(0) through a sequence of
points determined from the search directions described above:

x (k+1) = x (k) + α(k)1x (k),
w(k+1) = w(k) + α(k)1w(k),
y(k+1) = y(k) + α(k)1y(k).

(12)

For linear programming different steplengths,α(k)p andα(k)d , are used with the primal and dual direc-
tions, whereas for nonlinear programming a common steplength is employed. A merit function is used
to choose the steplengths. See [26] for further details.

2.2. Nondifferentiability at Optimality. As mentioned in the introduction, nondifferentiability of
the square root function at optimality can pose difficulties for interior-point optimizers. Here’s the
simplest example illustrating the difficulty:

minimize ax1 + x2

subject to |x1| ≤ x2.
(13)

The parametera is a given real number satisfying−1< a < 1. The optimal solution is easily seen to
be(0,0). Part of the stopping rule for the interior-point algorithm described above is the attainment
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of dual feasibility; that is,σ = ∇ f (x) + AT (x)y = 0. For the problem under consideration, the
condition for dual feasibility is [

a
1

]
+
[

sgn(x1)

−1

]
y = 0.(14)

We have written sgn(x1) for the derivative of|x1|, but what aboutx1 = 0? Here, any value between
−1 and 1 is a valid subgradient. But a specific choice must be selecteda priori, since solvers don’t
work with set-valued functions. For lack of a better choice, suppose that we pick 0 as a specific
subgradient of the absolute value function at the origin. That is, we adopt the common convention
that sgn(0) = 0. From the second equation in (14), we see thaty = 1. Therefore, the first equation
reduces to sgn(x1) = a. But, at optimality,x1 = 0 and so in order to get dual feasibility we must have
that

sgn(0) = a.

Of course, if solvers worked with set-valued functions, then sgn(0) would be the interval [−1,1] and
this condition would bea ∈ [−1,1] and there would be no problem. But for now solvers work only
with singly valued functions and the particular value we picked for sgn(0), namely 0, might not be
equal toa in which case an interior-point method can’t possibly produce a dual feasible solution.

Note that there are two important properties at work in this example:
(1) the constraint function failed to be differentiable at the optimal point, and
(2) that constraint’s inequality was tight at optimality, thereby forcing the corresponding dual vari-

able to be nonzero.

2.3. Smoothing by Perturbation. We tried usingLOQO to solve problem (13) and, as expected, it
failed. However, when we replace|x1| with (ε2+ x2

1)
1/2, it solves easily even with small values forε2

such as 10−8. In fact, for this problem, the exact solution to the perturbed problem can be computed
by hand:x1 = −aε/

√
1− a2, x2 = ε/

√
1− a2, andy = 1. This perturbation trick turns out to work

quite well in general as we shall see in the applications section.

3. ALTERNATE FORMULATIONS.

The perturbation technique of the previous section is an example of replacing a bad problem formu-
lation with a better one that is almost, but not quite, equivalent to the original. It turns out that there
are techniques in which one can replace a bad problem (i.e., not convex, not smooth, etc.) formulation
with an equivalent but better one. In this section, we consider a few alternatives for second-order cone
constraints.

3.1. The Second-Order Cone.Consider the second-order cone constraint

h(x) := ‖Ax + b‖ − cT x − d ≤ 0.

The convexity and smoothness properties ofh derive from the corresponding properties of

φ(u, t) = ‖u‖ − t.
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The gradient and Hessian ofφ are easy to compute:

∇φ = ‖u‖−1
[

u
‖u‖

]
, ∇2φ = ‖u‖−3

[
uT uI − uuT 0

0 0

]
.

The fact that the upper left block of the Hessian is positive semidefinite follows immediately from
the definition of semidefiniteness together with the Cauchy-Schwarz inequality. The only place of
nonsmoothness ofφ is atu = 0.

3.2. Smoothing by Squaring.Our aim to replace‖u‖ − t ≤ 0 with equivalent inequalities. The
simplest possibility is to use

‖u‖2− t2 ≤ 0

t ≥ 0.

The corresponding function that gets composed into the nonlinear program then is

γ (u, t) = ‖u‖2− t2.

This function is smooth everywhere. But it is not convex as its Hessian clearly shows:

∇γ = 2
[

u
−t

]
, ∇2γ = 2

[
I 0
0 −1

]
.

Even though the feasible region is convex, its representation as the intersection of nonconvex inequali-
ties can lead to slow convergence to dual feasibility, as described in [26]. Therefore, one would expect
this reformulation not to work well.

3.3. Convexification by Exponentiation. The functionγ given above almost did the trick. If we
can find a smooth convex function that maps the negative halfline into the negative halfline, perhaps
composing it withγ will produce the function we need. With this motivation, let

ψ(u, t) = e(‖u‖
2−t2)/2− 1.

Like γ , this function is smooth everywhere. It also turns out to be convex:

∇ψ = e(‖u‖
2−t2)/2

[
u
−t

]
,

∇2ψ = e(‖u‖
2−t2)/2

[
I + uuT −tu
−tuT 1+ t2

]
= e(‖u‖

2−t2)/2
(

I +
[

u
−t

] [
uT −t

])
.

The second expression for the Hessian clearly shows that∇2ψ is positive definite.
Introducing the exponential function to get both smoothness and convexity is fine mathematically,

but on the practical side there are significant dangers if the scale of the variables varies too widely.
Indeed, exp(‖u‖2) is huge even when‖u‖ is on the order of 10. In the following section, we shall
confirm that this approach rarely works in practice.
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3.4. Convexification by Ratios.We ran into the trouble of nonconvexity during smoothing by squar-
ing. One way to fix this problem is to use

‖u‖2
t
− t ≤ 0

t ≥ 0.

Letting

η(u, t) = ‖u‖
2

t
− t,

we can verify the convexity of this new formulation:

∇η =
[

2ut−1

−‖u‖2t−2 − 1

]
,

∇2η = 2t−1
[

I −ut−1

−uT t−1 ‖u‖2t−2

]
= 2t−1

[
I

−uT t−1

] [
I −ut−1

]
.

The second expression for the Hessian clearly shows that it is positive definite. The only place of
nonsmoothness ofη is at t = 0.

4. APPLICATIONS.

In this section, we consider several applications and, for each application, one or more ways to
formulate the problem. All of the models to be mentioned have been encoded in a mathematical
programming language calledAMPL. This language is described in detail in [7]. TheAMPL models
mentioned in this section are available over the internet by visiting [24].

Our focus in this section is primarily on robustness, that is, which formulations work and which
ones don’t. In situations where more than one formulation can be used successfully, the question then
becomes one of efficiency. Efficiency issues are addressed in the next section.

4.1. Antenna array weight design.The problem here is to determine how to combine the outputs
from each antenna in an array ofn antennae so that the resulting aggregate output signal has certain
desired characteristics. For concreteness, we assume that the antennae are evenly spaced along the
y-axis (in a 2-dimensional world). We also assume that the input signal has a certain fixed wavelength
λ but that it can arrive from any directionθ . For certain values ofθ , the so-calledside-lobeS, we wish
to attenuate the signal as much as possible whereas for other values, those in themain-lobeM, we
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wish to preserve some given desired output profile. The optimization problem then is

minimize s
subject to |G(θ)|2≤ s, θ ∈ S

|G(θ)|2≤ u(θ)2, θ ∈ M

G(θ)= G0(θ), θ ∈ P

G(θ)=
n∑

k=1

wk exp
(
−i

2π

λ
yk sinθ

)
, θ ∈ S ∪ M.

Here,i = √−1, yk is the position of thek-th antenna on they-axis, theu(θ)’s are given upper bounds
for the|G(θ)|’s whenθ ∈ M, and theG0(θ)’s are given desired values for theG(θ)’s whenθ belongs
to a small finite setP of angles inM. The variables in the model are the scalars, the weightswk ,
k = 1, . . . , n, and the array outputsG(θ), θ ∈ S ∪ M. It is important to note that thewk ’s and the
G(θ)’s are complex numbers. Generally speaking, the setsS andM are intervals of the real line and so
the model involves an infinite set of constraints. To make a model with a finite number of constraints,
one approximates the intervals with finite samples of evenly spaced angles.

The model just given is clearly a convex nonlinear programming problem. The nonlinear functions
that describe the constraints are quadratic and convex.LOQO should work well on such problems.
A particular instance,antenna.mod, was created in which the discretization used 0.5◦ increments,
n = 24, λ = 2, theyk ’s were spaced 1.12 units apart, the side lobeS was the interval from−3.5◦
to 0◦, the main lobeM was the interval from−20◦ to 60◦ minus the side lobe, andP consisted of
four angles: 10◦, 15◦, 20◦, and 26◦. The upper bound profileu(θ) was obtained from H. Lebret and
matches the data used in the experiments described in [13].LOQO has trouble reaching 8 digits of
agreement between the primal and dual solution, but it does find a primal/dual pair showing 7 figures
of agreement. It takes 55 iterations to obtain this solution.

The model, as presented, is not a second-order cone problem. In [15], Lobo, et al., suggest an
equivalent formulation in whichs is replaced witht = √s in the model. After the replacement, one
uses the monotonicity of the square function (on the nonnegative halfline) to replace the objective
function t2 with t. Also, the constraint

|G(θ)|2 ≤ t2(15)

is replaced with

|G(θ)| ≤ t(16)

which is a second-order cone constraint. These modifications are encoded in anAMPL model called
antennasocp.mod. LOQO finds a feasible primal/dual pair of solutions having 6 digits of agreement
in their objectives after 44 iterations and then runs into numerical difficulties and can’t make further
progress.

We also tried two other experiments.Antennanonconvex.modis identical to theAMPL model
antennasocp.modexcept that the second-order cone constraint (16) is replaced with (15).LOQO was
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unable to solve this nonconvex variant of the model. Finally, we tried replacing (16) with

exp
(|G(θ)|2− t2) ≤ 1

but, again,LOQO could not solve it. We don’t understand whyLOQO had trouble with this last formu-
lation other than that maybe the exponential function introduced numbers that were large and the algo-
rithm got into numerical trouble. This last variant is encoded in anAMPL file calledantennaexp.mod.

To sum up, the first (convex) version of this problem works the best with the SOCP variant a close
second.

4.2. Grasping force optimization. The problem is to find the smallest amount of normal force re-
quired to grasp an object with a set ofm robot fingers. The fingers exert contact forces at given points
p1, . . . , pm ∈ R3 on the object, which is assumed to be rigid (but fragile). Letvi ∈ R3 denote the
inwardly pointing unit vector normal to the surface at thei-th contact point and letFi denote the
force applied there. The normal component of forceFi is given byviv

T
i Fi . The problem is to min-

imize the maximum normal component of force subject to force and torque balance constraints and
the constraint that the tangential component of each contact force can be no larger in magnitude than
a constantµ (the coefficient of friction) times the normal component:

minimize t
subject to vT

i Fi ≤ t, i = 1, . . . ,m,

m∑
i=1

Fi = −Fext

m∑
i=1

pi × Fi = −Text

‖(I − viv
T
i )Fi‖≤ µvT

i Fi , i = 1, . . . ,m.

In the constraints,Fext denotes an externally applied force acting at the center of mass andText denotes
an externally applied torque acting about the origin.

The specific problem we considered involves supporting a parabolic cone whose lower surface is
described by the equation

p(3) = p(1)2+ p(2)2

(we denote the components of vectorp by (p(1), p(2), p(3))). There are five robot fingers equally
spaced around an off-centered circle of radius 1 in the horizontal coordinate plane and extending
upward until contacting the surface of the cone.

We created anAMPL model calledgrasp.modfor the problem instance just described.LOQO is
unable to solve this problem. The reason is that one of the five forces is zero at optimality and
therefore the nondifferentiability of the Euclidean norm‖ · ‖ becomes a problem.
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Graspeps.modis identical tograsp.modexcept that the Euclidean norm is perturbed slightly to
make it differentiable everywhere:

‖u‖ε =
(
ε2+

3∑
j=1

u( j)2
)1/2

.

With ε2 = 10−8, LOQO solves the problem in 38 iterations. From the solution to this model we note
that indeed one of the five contact points applies no force at optimality.

In graspnonconvex.mod, the friction constraints are rewritten as

‖(I − viv
T
i )Fi‖2 ≤ (µvT

i Fi)
2, i = 1, . . . ,m.

In addition, the following nonnegativity constraints are added:

vT
i Fi ≥ 0, i = 1, . . . ,m.

As discussed in the Section 3.2, the resulting constraint functions are no longer convex.LOQO is
unable to solve this variant. It finds a primal feasible solution that is close (3 digits of agreement)
to the optimal solution found bygraspeps.modbut is unable to get a corresponding dual feasible
solution.

In graspexp.mod, the friction constraints fromgraspnonconvex.modare rewritten as

exp
(‖(I − viv

T
i Fi‖2 − (µvT

i Fi)
2) ≤ 1, i = 1, . . . ,m.

LOQO is also unable to solve this problem to the level of precision stipulated by its default stopping
rule. But it does find a primal feasible solution and a dual feasible solution for which there are 5 digits
of agreement between the objective functions. For many real-word applications, this level of precision
is good enough. It took, however, 270 iterations to get this solution!

Related work on “grasping” models can be found in [5, 4].
To sum up, for the grasp models,ε-perturbation of the original second-order cone constraints seems

to work best.

4.3. FIR filter design. In this section, we consider the minimax dB linear phase lowpass finite im-
pulse response (FIR) filter design problem as described in [15]:

minimize t

subject to 1/t ≤ 2
n/2−1∑

k=0

hk cos((k − (n − 1)/2)ω)≤ t, 0 ≤ ω ≤ ωp,

−β ≤ 2
n/2−1∑

k=0

hk cos((k − (n − 1)/2)ω)≤ β, ωs ≤ ω ≤ π,

t ≥ 1.

Here,n is an even integer,β is a small positive number, and 0< ωp < ωs < π . The variables are
the coefficientshk , k = 0, . . . , n/2− 1. The problem, as stated, has an infinite number of constraints.
Consequently, we discretize the frequency parameterω to obtain an approximation having only a finite



USING LOQO TO SOLVE SECOND-ORDER CONE PROGRAMMING PROBLEMS 11

number of constraints. In the specific instance we considered, we chosen = 20,β = 0.01,ωp = 90◦,
ωs = 120◦, and we discretized the set ofω’s using 1◦ increments. This problem does not involve
second-order cone constraints. In fact, the only nonlinearity is the 1/t appearing in the first set of
constraints. It is, however, a nonlinear programming problem. In fact, constraints of the form

1/t ≤ u

are passed toLOQO with the functionh(u, t) = 1/t − u which is convex and twice continuously
differentiable on{(u, t) : t > 0}. Therefore, one would expectLOQO to solve this problem easily and
in fact it does finding a solution with 8 digits of agreement between primal and dual objective values
in only 29 iterations. This model can be found infir convex.mod.

To convert the filter design problem to one with second-order cone constraints, Lobo, et al., [15]
suggest introducing one new scalar variable,u, replacing the first set of constraints with

u ≤ 2
n/2−1∑

k=0

hk cos((k − (n − 1)/2)ω) ≤ t, 0≤ ω ≤ ωp,

and adding one new (second-order cone) constraint:√
4+ (u − t)2 ≤ u + t,

which is equivalent to the requirement that 1/t ≤ u. The resulting model,fir socp.mod, also solves
easily withLOQO requiring only 30 iterations to achieve the same convergence criteria. One reason
that it is easy to solve is that the argument of the square root is bounded below by 4 and therefore
nonsmoothness issues don’t arise. Most importantly, however, the Hessian infir socp.modis easier to
compute than infir convex.mod, since we replaced a group of nonlinear constraints with one nonlinear
constraint and a group of linear constraints. The ratio reformulation,fir ratio.modperforms just as
well, reaching the optimal solution in 34 iterations.

Furthermore information on this subject can be found in [20, 3]. In particular, the interior-point
approach to the convex optimization version of the problem is discussed in [28].

To sum up, all versions of this problem are easily solved byLOQO, but the SOCP version is perhaps
the best.

4.4. Portfolio optimization. Consider a collection of investments (or investment categories)J . Let
µ j denote the expected return on a $1 investment after one year’s investment inj ∈ J and letσ j j ′
denote the covariance between the returns for investmentsj and j ′ (these quantities are considered
given—they are usually gleaned from historical data). The aim is to decide, for each investment
j , what fractionx j of one’s assets to invest inj . The overall annual expected return, referred to
as thereward, for the portfolio defined by a specific choice of thex j ’s is given by

∑
j µ j x j and

the variance of the return, referred to as therisk, is
∑

j j ′ x jσ j j ′x j ′. The Markowitz model [17] for
portfolio optimization involves optimizing a linear combination of risk and reward. Lettingλ > 0
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denote a parameter used for the linear combination, the model can be written as follows:

minimize −
∑

j

µ j x j + λ
∑

j j ′
x jσ j j ′x j ′

subject to
∑

j

x j = 1

x j ≥ 0, for all j ∈ J.

(17)

As λ varies over the positive reals, the optimal portfolios represent different levels of the tradeoff
between risk and reward. The one parameter family of optimal portfolios so obtained is referred to as
theefficient frontier. Typically one solves the problem for several different values ofλ and picks the
solution that seems most appealing.

A drawback to the above approach is that it is hard to predict how the portfolios will change asλ

changes and therefore it is hard to home in on a desirable value. For this reason, one often formulates
the problem as the minimization of the risk subject to a lower boundrmin on the reward,

minimize
∑

j j ′
x jσ j j ′x j ′

subject to
∑

j

µ j x j ≥ rmin∑
j x j = 1
x j ≥ 0, for all j ∈ J,

(18)

or as the maximization of reward subject to a capsmax on the risk,

maximize
∑

j

µ j x j

subject to
∑

j j ′
x jσ j j ′x j ′ ≤ smax∑

j x j = 1
x j ≥ 0, for all j ∈ J.

(19)

Formulations (17) and (18) are convex quadratic programming problems (i.e., with linear constraints)
whereas (19) is a quadratically-constrained linear-objective optimization problem. All of these models
should be easy to solve withLOQO. In fact, using real data we created threeAMPL models,optriskre-
ward.mod, optrisk.mod, andoptreward.modfor problems (17), (18), and (19), respectively. The three
models were each solved byLOQO in 16, 19, and 18 iterations, respectively.

Each of the above three models could, in principle, be converted to second-order cone programming
problems. But, for the two that are quadratic programming problems, such a reformulation seems like
a step in the wrong direction. Hence, we only made a second-order cone programming variant of (19)
by simply taking the square root of the quadratic constraints. The resultingAMPL model is called
optrewardsocp.mod. LOQO solves this problem in 18 iterations.

4.5. Truss design.Given a set ofn linear elastic bars (also referred to aselements) connecting a set
of m nodes and a limitv on the total volume of material available, an important problem in struc-
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tural optimization is to determine the cross sectionxe for each element that yields the stiffest overall
structure (relative to a given applied load) (see [2]).

Externally applied loads act at some or all of the nodes. Letf denote the vector of applied loads.
Note that it is a vector of forces, that is, anm-vector of 3-vectors (or 2-vectors for planar trusses).
Associated with each elemente is a rank-one positive semidefinite matrixKe = aeaT

e called the
element stiffness matrix. The vectorae is very sparse having only 6 nonzero elements for spatial
trusses and 4 nonzeros for planar trusses. The stiffness matrix for the structure built with element
cross sectional areasxe is then given by

K (x) =
∑

e

xe Ke.

To maximize the stiffness of the structure under loadf , we minimize the elastic energyf T K (x)−1 f .
Hence the optimization problem can be formulated as follows:

minimize f T K (x)−1 f

subject to
∑

e

le xe ≤ v
xe ≥ 0, for all e.

(20)

Here,le denotes the length of membere so that the productle xe represents the volume of the member.
In this formulation, the problem is not a second-order cone programming problem. But, even as a

nonlinear programming problem, there is at least one significant disadvantage to the model as posed.
Namely, the matrixK (x) is exceedingly sparse but the matrixK (x)−1 might be completely dense.
Since these models tend to be very large, one is motivated to find equivalent formulations that don’t
involve the inverse ofK (x). It turns out that there are many such models (see, e.g., [2]) including ones
having linear objectives and convex quadratic constraints and, in the case of one scenario of external
loads as considered here, even ones that are simply linear programming problems.

In [15], an equivalent second-order cone programming problem is given. We present here the details
of essentially the same equivalence. Since it is easier to work backwards, we start by stating a problem
that is almost a second-order cone programming problem:

minimize
∑

e

te

subject to
∑

e

yeae = f

y2
e ≤ texe

te ≥ 0, for all e∑
e le xe ≤ v

xe ≥ 0, for all e.

(21)

Here, theye ’s and thete ’s are new scalar variables. We start by showing that (21) is equivalent to
(20). To this end, note first that each variablete will make the inequalityy2

e ≤ texe tight at optimality.
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Therefore, we can replace this inequality with an equality and eliminate thete ’s from the problem:

minimize
∑

e

y2
e

xe

subject to
∑

e

yeae = f∑
e le xe ≤ v

xe ≥ 0, for all e.

Now, we can optimize first over theye variables and then over thexe ’s. Since theye’s are not involved
in any of the inequality constraints, this inner minimization can be carried out explicitly with the help
of a vectorλ of Lagrange multipliers. The Lagrangian for the inner problem is

L(y, λ) =
∑

e

y2
e

xe
+ λT

(∑
e

yeae − f

)
.

Setting all derivatives ofL to zero, we get

2ye

xe
+ λT ae = 0 for all e∑

e

yeae − f = 0.

Solving the first set of equations for theye’s and then eliminating them from the second set, we find
that

λ = −2K (x)−1 f

and then that
ye = xeaT

e K (x)−1 f.

Therefore, after the inner optimization, the objective function becomes∑
e

y2
e

xe
=
∑

e

xe f T K (x)−1aeaT
e K (x)−1 f = f T K (x)−1 f

and we see that (21) is in fact equivalent to (20).
To convert (21) into a second-order cone programming problem, one simply needs to replace each

inequality

y2
e ≤ texe(22)

with its second-order cone equivalent:(
4y2

e + (te − xe)
2)1/2 ≤ te + xe.(23)

AMPL modelstructuresocp.modencodes a specific instance known as the Michel truss [19]. See,
e.g., [25] for details of this instance.LOQO solves this problem in 42 iterations. Anε2 = 10−8
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perturbation to the argument of the square root function gives a modelstructuresocpeps.modthat
solves in 36 iterations. Another convex formulation,structureratio.modis solved just as quickly. In
structurenonconvex.mod, constraints (22) take the place of (23). With this model,LOQO finds a primal
feasible solution but converges very slowly toward optimality and never seems to find a reasonable
dual solution.

Problem (42) in [2] gives linear programming formulation of the problem.AMPL model struc-
ture2.modimplements this formulation.LOQO found an optimal solution to this model in 17 itera-
tions.

Problem (41) in [2] gives a formulation in which the objective function is linear and the constraints
are convex quadratic.AMPL model structure3.modimplements this formulation.LOQO found an
optimal solution to this model in 61 iterations.

4.6. Equilibrium of a system of piecewise linear springs.The problem here is to find the shape of
a hanging chain in which each of theN links is a spring that buckles under compression but exerts
a restoring force proportional to its elongation when under tension. Each node has a weight hanging
from it (the springs are assumed to have neglible mass). Specifically, the problem is to minimize the
potential energy of the system subject to given boundary conditions. After some preliminary model
reformulation (see [15]), the problem can be written as

minimize
∑

j m j gy j + k
2‖t‖2

subject to ‖p j − p j−1‖ − l0 ≤ t j , j = 1, . . . , N,

p0= a

pN = b

t ≥ 0.

Here, g is the acceleration to due gravity,k is the stiffness constant for the springs,l0 is the rest
length of each spring,m j is the mass of thej-th weight, p j = (x j , y j) denote the position vector
of the j-th node,a is the position of one end point of the chain,b is the position of the other end
point, t = (t1, . . . , tN ), and finallyt j is an upper bound on the spring energy of thej-th spring. The
unknowns are thep j ’s and thet j ’s.

In springs.mod, we choseN = 100, g = 9.8, k = 100, m j = 1, a = (0,0), b = (2,−1),
andl0 = 2‖b − a‖/N . Although the constraints are either linear or second-order cone constraints,
the problem, as formulated, is not a second-order cone programming problem since the objective is
quadratic. However, it is a general nonlinear programming problem and therefore can be attacked by
LOQO. In fact, the objective is convex quadratic and the nondifferentiability of the second-order cone
constraints only occurs at points where two adjacent nodes occupy exactly the same position in space,
which should not happen in practice. Hence, one would expectLOQO to be able to solve this problem
without trouble and indeed that is the case.LOQO finds an optimal solution in just 16 iterations.

To convert the problem to a second-order cone programming problem, Lobo, et al., suggest adding
one new scalar variable,y, to replace‖t‖2 in the objective function and then adding one extra second-
order cone constraint √

(2‖t‖)2 + (1− y)2 ≤ 1+ y
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(which is equivalent to the condition thaty is an upper bound on‖t‖2). We did not make such a model
since withLOQO it is completely unnecessary to linearize the objective function.

We did, however, try two other experiments. Inspringsnonconvex.mod, we replaced the second-
order cone constraint insprings.modwith the nonconvex but smooth substitute

‖p j − p j−1‖2− (l0 + t j )
2 ≤ 0.

LOQO solves this nonconvex nonlinear optimization problem to the correct optimal solution in 15
iterations. Lastly, we replaced this nonconvex quadratic constraint with a convex exponential variant:

exp
(‖p j − p j−1‖2− (l0 + t j)

2) ≤ 1.

The resulting convex model, found inspringsexp.mod, was solved byLOQO in 19 iterations.

4.7. Euclidean single facility location. Let a1, . . . , am denote points inRd representing the coordi-
nates ofm existing facilities. The problem is to locate a new facility so as to minimize a weighted sum
of the distances between the new facility and each of the existing ones:

minimize
m∑

i=1

wi‖x − ai‖.

A particular instance of this problem can be found inesfl.mod. This instance involves 1000 existing
facilities on the plane.LOQO solves this problem in 10 iterations.

These problems can be formulated as second-order cone programming problems as follows:

minimize
m∑

i=1

wi ti

subject to ‖x − ai‖ ≤ ti , i = 1, . . . ,m.

We modifiedesfl.modto make a version in this form. TheAMPL modelesfl socp.modcontains this
problem.LOQO solves this problem in 12 iterations. Each iteration, however, is slower than before so
overall the first formulation seems better.

For facility location problems nondifferentiability can be an issue. The fact thatLOQO solved the
instance described above was really just luck. To illustrate what can go wrong, consider the case of
three existing facilities. Whenm = 3, the problem is calledFermat’s problem(see [27, 12]). In this
case, the optimal solution can be described precisely. Namely, if the three points are such that the
triangle formed by them has no angle of 120◦ or larger, then the optimal location of the new facility
is at the unique point in the triangle that makes a 120◦ angle with each pair of vertices. If, on the
other hand, one of the angles does exceed 120◦, then the optimal solution is at that vertex. We made
two AMPL models for Fermat’s problem. Infermat.mod, the optimal solution is in the interior of the
triangle whereas infermat2.mod, the optimal solution is at a vertex.

LOQO solvesfermat.modin 8 iterations, whereas it is unable to solvefermat2.mod. However, an
ε2 = 10−8 perturbation tofermat2.mod, calledfermat2eps.modsolves in 16 iterations.

We also formulated these problems as SOCP’s.LOQO solvesfermat socp.modin 8 iterations, but
cannot solvefermat2socp.mod. Theε-perturbed model,fermat socpeps.modis solved in 17 itera-
tions.
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For related work, see [1, 11, 16, 21, 29].

4.8. Euclidean multiple facility location. The Euclidean multifacility location problem generalizes
the single facility model of the previous subsection. Here instead of adding one new facility, we
consider addingn new ones. The objective is to minimize a weighted sum of the distances between
each old and each new facility plus a weighted sum of the distances between each pair of new facilities:

minimize
m∑

i=1

n∑
j=1

wi j‖x j − ai‖ +
n∑

j=1

j−1∑
j ′=1

v j j ′‖x j − x j ′‖.

A particular instance of this problem can be found inemfl.mod. This instance involves 200 existing
facilities on the plane and 25 new ones.LOQO is unable to solve this problem in 200 iterations. There-
fore, we made anε2 = 10−8 perturbation to the model and called the perturbed modelemfl eps.mod.
This version solves in 17 iterations.

We also considered a second-order cone programming variant of the problem:

minimize
m∑

i=1

n∑
j=1

wi j si j +
n∑

j=1

j−1∑
j ′=1

v j j ′t j j ′

subject to ‖x j − ai‖ ≤ si j , 1 ≤ i ≤ m, 1≤ j ≤ n,
‖x j − x j ′‖ ≤ t j j ′, 1 ≤ j < j ′ ≤ n.

LOQO fails to solve an instance of this problememfl socp.modbecause of nondifferentiability prob-
lems. However, anε2 = 10−8 perturbation solves in 23 iterations, and the ratio reformulation
emfl socpratio.modsolves in 31 iterations. We also tried a nonconvex variant and an exponential
variant using the methods of Sections 3.2 and 3.3 but neither of these variant proved solvable.

4.9. Steiner points.Given a set ofn points p1, . . . , pn in R2, the Steiner tree problem is to find the
shortest planar straight-line graph that spans the set of points. The solution is always a tree, called the
Steiner tree. It includes all of the given points plus some extra vertices, calledSteiner points. There
are at mostn − 2 Steiner points. This problem is NP-hard [18, 8]. However, for a given topology,
computing the position of the Steiner points and the associated length of the tree is a tractible problem
that can be solved as a second-order cone programming problem.

We define afull Steiner topologyto be any tree graph that contains the original set of points plus a
full complement ofn − 2 Steiner points for which the degree of each of the original points is 1 and
the degree of each of the Steiner points is 3. Given a full Steiner topology, letpn+1, . . . , p2n−2 denote
the Steiner points and letA denote the arcs in the graph. Then thefull Steiner topology problemis
defined as follows:

minimize
∑

(i, j )∈A
‖pi − p j‖.

Here, the original pointsp1, . . . , pn are fixed whereas the Steiner pointspn+1, . . . , p2n−2 are opti-
mization variables. This problem was first studied in [9, 10, 22].

The AMPL modelsteiner.modencodes Example 1 given in [29].LOQO is unable to solve this base
model. The reason is that some of the Steiner points collapse onto existing points and so some of
the distances in the objective function become zero. Hence, the nondifferentiability of the absolute
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value function again is a problem. However, anε2 = 10−8 perturbationsteinereps.modsolves in 81
iterations.

As we’ve done before, we reformulated the problem as a second-order cone programming problem,
steinersocp.mod, and we also made anε2 = 10−8 perturbation thereof,steinersocpeps.modand a
ratio reformulation,steinersocpratio.mod. LOQO is unable to solve the straight second-order cone
programming problem but easily solves the perturbed problem in 30 iterations and the ratio problem
in 42 iterations.

LOQO cannot solve the nonconvex variant,steinernonconvex.mod, but is successful with the expo-
nential variant,steinerexp.mod, solving it in 195 iterations.

4.10. Minimal surfaces. Given a simply connected compact domainD in R2 with piecewise smooth
boundary∂D and a real-valued functionγ defined on∂D, the problem is to find a functionu defined
throughoutD that agrees withγ on the boundary ofD and has minimal surface area:

minimize
∫∫

D

√
1+

(
∂u

∂x

)2

+
(
∂u

∂y

)2

dxdy

subject to u(x, y) = γ (x, y), (x, y) ∈ ∂D.

(24)

To obtain a problem with a finite number of variables and constraints, we simply discretize the domain
D using a rectangular lattice of grid points and then approximate the derivatives by finite differences.
The resulting problem is a convex nonlinear optimization problem, but it is not in the format of a
second-order cone programming problem. The ampl modelminsurf.modgives an instance of the
problem in which the domainD is a square that is discretized into a 32× 32 grid and the boundary
function γ is a concave parabola on each of the four sides separately.LOQO solves this convex
optimization problem in just 12 iterations.

It is easy reformulate the problem as a second-order cone program. To do it, rewrite (24) as

minimize
∫∫

D
t (x, y)dxdy

subject to

√
1+

(
∂u

∂x

)2

+
(
∂u

∂y

)2

≤ t (x, y), (x, y) ∈ D,

u(x, y)= γ (x, y), (x, y) ∈ ∂D.

and then discretize in the same way as before. Since the argument of the square root is bounded below
by 1, LOQO is able to solve this problem. It takes 34 iterations. We should note, however, that each
iteration here is more involved than before so that the solution time is about 200 times greater.

We also created a nonconvex variantminsurfnonconvex.modand a convex exponential variantmin-
surf exp.modas described in Sections 3.2 and 3.3. The nonconvex variant was solved in 82 iterations,
butLOQO was able to find an optimal solution to the exponential variant in the default of 200 iterations.

5. COMPARISONS WITH OTHER NONLINEAR PROGRAMMING OPTIMIZERS.

As already mentioned, every model discussed in the previous section has been encoded inAMPL

and is available on the internet [24]. For solver comparisons, we usedLOQO (version 3.17),MINOS
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(version 5.4),SNOPT(version 5.3-2), andLANCELOT (version 19980617). The experiments were run
on a 100 MHz SGI workstation with the MIPS R4000 processor and 96 MBytes of memory. Each
solver was called directly fromAMPL (version 19980722) withAMPL’s presolve option enabled.

Solution times in cpu-seconds are shown in Table 1. In the table, an asterisk is shown whenever a
problem was not solved to the full satisfaction of the solver’s stopping rule. In many of these cases, the
solver did find a primal feasible solution whose objective value matched the correct answer to several
digits. The typical reason for a stopping rule to fail was that dual feasibility was not attained (also
refered to as the reduced gradient being large). In this case,LOQO usually ran the default maximum
number (200) of iterations and stopped.MINOS and SNOPT had better bail-out options and would
terminate with an assertion that the solution appears to be optimal although the reduced gradient
remains large. Nonetheless, for every solver there were several instances in which the solver just ran
the maximum number of iterations specified for that solver and stopped. Hence, for these problems
the solution times obtained were rather meaningless and quite a bit worse than what would be obtained
had the problem been rerun with options set to relax the stopping rule appropriately. For this reason,
we feel it is not relevant to show those solution times.

6. COMPARISON WITH SPECIAL PURPOSE OPTIMIZERS.

The models discussed were also coded inMATLAB and tested usingLOQO’s MATLAB interface,
the Second-Order Cone Programming special purpose optimizerSOCPby Boyd et al. [14], and the
Semidefinite Programming special purpose optimizerSEDUMI by Sturm [23].

For these comparisons, we usedLOQO (Version 4.01),SOCP(Beta Version), andSEDUMI (Version
1.02), on a 180MHz SGI server with a MIPS R10000 processor and 512 MBytes of memory.SOCP

andSEDUMI are, by design, called directly fromMATLAB . While aMATLAB -LOQO interface exists
for linear and quadratic programming, no such interface exists for second-order cone programming.
Therefore, we usedMATLAB to write anAMPL data file and invokeAMPL, which then calledLOQO

with this data and a generic second-order cone programming model. In this scheme,LOQO’s abilities
to handle linear constraints, a quadratic objective function and variable bounds were not used in the
comparison withSOCP, but linear constraints were incorporated into the models for the comparison
with SEDUMI. Finally, SEDUMI’s built-in matrix ordering routines were used instead ofLIPSOL by
Zhang [30], since our system hasMATLAB versions 4 and 5 and uses a 64-bit OS (problems noted by
Zhang).

Solution times in cpu-seconds are shown in Table 2 and Table 3. Again, an asterisk is shown
whenever a problem was not solved to the full satisfaction of the solver’s stopping rule. The double
asterisk inantennasocpand ingraspepsindicates thatSOCPreturned a solution that was not optimal.
When there is an “eps” at the end of the filename, the CPU times provided are forLOQO called directly
from AMPL andLOQO used withMATLAB using theε-perturbed version of theAMPL model. Theε-
perturbation was also implemented in the grasping force model forSOCPbut the solver still returned
a solution that was not optimal. ForSEDUMI, no such perturbation was used on any of the problems.

For SOCP, the stopping rule was adjusted to give the same level of convergence asLOQO. The
accuracy of all problems are as discussed previously in the text, with the exception ofminsurf, where
SOCPwas unable to achieve a 10−8 relative tolerance. Therefore, the CPU times recorded in Table
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Problem Constraints Variables SOCP? LOQO MINOS SNOPT LANCELOT

antenna 166 49 21.36 * * *
antennasocp 167 49 Y 16.65 * * *
antennaratio 167 49 Y * * * *
antennanonconvex 166 49 Y * * * *
antennaexp 166 49 Y 57.85 * * *
grasp.mod 16 16 Y * * * *
graspeps.mod 16 16 Y 0.21 0.25 0.25 0.32
graspnonconvex.mod 21 16 Y 0.11 0.70 * 1.56
graspexp.mod 21 16 Y 0.19 * * 1.19
fir convex 243 11 0.99 1.38 1.52 11.58
fir socp 244 12 Y 0.89 0.96 1.04 9.27
fir ratio 244 12 Y 1.00 1.08 1.08 11.05
optriskreward.mod 1 8 0.04 0.02 0.04 0.03
optrisk.mod 2 8 0.05 0.02 0.06 0.10
optreward.mod 2 8 0.04 0.09 0.25 0.12
optrewardsocp.mod 2 8 Y 0.05 0.06 0.10 0.05
structure2 1910 176 4.04 21.39 23.09 497.75
structure3 960 176 39.87 29.54 125.45 3043.75
structuresocp 1145 2886 Y 127.71 * * *
structuresocpeps 1145 2886 Y 105.11 * * *
structureratio 1145 2886 Y 122.51 * * *
structurenonconvex 1145 2886 Y * * * *
structureexp 1145 2886 Y * * * *
springs.mod 10 28 Y 0.07 0.30 0.53 0.21
springsnonconvex.mod 10 28 Y 0.06 0.95 0.69 0.36
springsexp.mod 10 28 Y 0.09 * 0.70 0.36
esfl.mod 0 2 0.41 0.28 0.25 1.70
esfl socp.mod 1000 1002 Y 9.07 1.73 18.70 2.31
fermat.mod 0 2 0.01 0.01 0.02 0.02
fermatsocp.mod 1 3 Y 0.02 0.04 0.03 0.02
fermat2.mod 0 2 * * * 0.11
fermat2eps.mod 0 2 0.02 0.01 0.04 0.05
fermat2socp.mod 1 3 Y * * * *
fermat2socpeps.mod 1 3 Y 0.03 0.06 0.08 0.04
emfl.mod 0 50 * * * *
emfl eps.mod 0 50 2.09 5.99 1.71 3.80
emfl socp.mod 5300 5350 Y * * * *
emfl socpeps.mod 5300 5350 Y 753.01 * 3368.51 *
emfl nonconvex.mod 5300 5350 Y * * * *
emfl exp.mod 5300 5350 Y * * * *
emfl ratio.mod 5300 5350 Y 868.79 * * *
steiner.mod 0 16 * * * *
steinereps.mod 0 16 1.06 0.14 0.22 0.29
steinersocp.mod 17 33 Y * * * *
steinersocpeps.mod 17 33 Y 0.16 2.36 0.73 0.58
steinerratio.mod 17 33 Y 0.25 * * 5.86
steinernonconvex.mod 17 33 Y * * * *
steinerexp.mod 17 33 Y * * * *
minsurf.mod 0 961 4.91 688.95 * 32.33
minsurf socp.mod 2046 3009 Y 90.96 5634.04 * *
minsurf nonconvex2.mod 2048 3009 Y 731.75 * * *
minsurf exp.mod 2048 3009 Y * * * *
minsurf ratio.mod 2048 3009 Y 107.7 6856.60 * *

TABLE 1. Solution times in seconds.
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AMPL MATLAB
Problem Constraints Variables LOQO Constraints Variables LOQO SOCP

antennasocp 167 49 4.21 187 59 9.03 **
graspeps 16 16 0.05 22 22 0.11 **
fir socp 243 5 0.11 307 5 0.12 1.58
optrewardsocp 2 8 0.01 3 9 0.12 0.05
structuresocp 155 336 0.67 442 357 2.35 *
springs 10 28 0.02 15 37 0.07 *
esfl socp 300 302 0.44 300 302 0.47 136.70
fermatsocpeps 3 5 0.004 3 5 0.004 0.03
fermat2socp 0 2 0.004 3 5 0.008 0.02
emfl socpeps 86 94 0.12 172 94 0.12 18.62
steinersocp 17 33 * 37 73 2.91 10.55
minsurf socp 70 97 0.07 100 149 0.18 68.83

TABLE 2. Solution times in seconds forLOQO vs. SOCP. * indicates that the solver
was unable to find an optimal solution, and ** indicates that the solution returned by
the solver was not optimal.

Constraints Variables SigFigs LOQO SEDUMI

antennasocp 177 49 6 28.6 *
graspeps 22 16 9 0.05 0.25
fir socp 307 5 8 0.12 0.39
optrewardsocp 3 8 12 0.014 0.27
structuresocp 421 336 8 1.08 4.54
springs 11 29 12 0.03 0.33
esfl socp 300 302 13 0.62 1.45
fermatsocpeps 3 5 12 0.005 0.24
fermat2socp 3 5 10 0.008 0.26
emfl socpeps 86 94 11 0.13 0.51
steinersocp 17 33 12 0.05 0.39
minsurf socp 70 97 10 0.08 0.60

TABLE 3. Solution times in seconds forLOQO vs. SEDUMI. * indicates that the solver
was unable to find an optimal solution

2 reflect 6 figures of agreement between the primal and the dual solutions. For the comparison with
SEDUMI, LOQO’s stopping rule was adjusted to agree with the number of significant figures reported
by SEDUMI. These figures are reported in Table 3.

In both comparisons, the instances of the problemsemfl, esfl, fir, springs, andminsurfwe consider
are actually smaller than those reported in the previous section. There are three reasons for this
difference. First, the setup of these problems byMATLAB takes a long time, about 7 hours for the
original truss problem. Secondly,SOCP’s Phase I algorithm is quite inefficient on large problems and
unable to solve feasibility problems of more than a few hundred variables. Lastly,SOCP treats all
matrices as dense, whereasLOQO andSEDUMI exploit sparsity, which could also account for the large
differences in runtimes.
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For LOQO, we provided the same initial point that was given in the originalAMPL models, and
when there was no solution provided,LOQO’s MATLAB interface assigned a randomized point to
avoid nondifferentiability at 0 (the default initial solution provided byAMPL).

We believe that two of the most important differences between the use of the optimizers were in the
modelling environment and the syntax of the models, namely the expression of equality constraints.
The modelling languageAMPL provided a straightforward implementation of the models, whereas for-
loops had to be used inMATLAB to assemble the data, and for-loops are known to be very inefficient.

Figure 1 in the Appendix illustrates set definition in both environments. OurMATLAB implemen-
tation uses matrices, in this case four-dimensional matrices. This setup takes up a large amount of
memory without a sparse implementation and is quite slow due to the multiply embedded for-loops.
AMPL, on the other hand, offers a more abstract set notation, which is also quite efficient.

Figure 2 in the Appendix illustrates how to define parameters over these sets. Again, ourMATLAB

implementation is quite slow.
The codes in Figure 3 in the Appendix are for the load constraints in the structural optimization

example. TheMATLAB version uses for-loops to assemble the coefficient matrix, instead of the more
efficient indexing. The constraints that are being assembled in that figure correspond to a group of
equality constraints, which is another source of difficulty in usingSOCPandMATLAB . SOCPrequired
us to break up these constraints as follows:

f (x) = a

became
f (x) − a + w ≥ 0
− f (x) + a ≥ 0

w ≥ 0.
Thus, for each equality constraint, we end up with two extra constraints and one extra slack variable.
These slack variables are added to keep the rows of the coefficient matrix linearly independent, and
a large contribution from each of the slacks is added to the objective function to guarantee that their
values go to zero, giving us equalities. InSEDUMI, the equality constraints had to be broken up into
two inequalities, without the need for a slack variable.

7. CONCLUSIONS

Of all the models discussed, only the grasp and spring models are naturally formulated as second-
order cone programming problems. All other models have equivalent simpler convex formulations
that generally solve more efficiently. The original (SOCP) formulation of the spring model solves
easily as is. For the grasp model,ε-perturbation provides an effective technique to obtain practical
solutions.

In general,LOQO, a general nonlinear programming solver, was able to solve second-order cone
programming problems more efficiently than special purpose optimizersSOCPandSEDUMI.
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APPENDIX

MATLAB ’s set implementation using matrices

ARCS=zeros(n+1,m+1,n+1,m+1);
nv=0;
for i=1:n+1, for j=1:m+1, for k=1:n+1, for l=1:m+1,

if ((abs(k-i)<=3) & (abs(l-j)<=3) &
(abs(gcd(k-i,l-j))==1) & ((i>k | (i==k & j>l)))
nv=nv+1;
ARCS(i,j,k,l)=nv;

end;
end; end; end; end;

Abstract set definition inAMPL

set ARCS := { (xi,yi) in NODES, (xj,yj) in NODES:
abs( xj-xi ) <= 3 && abs(yj-yi) <=3 && abs(gcd[ xj-xi, yj-yi ]) == 1
&& ( xi > xj || (xi == xj && yi > yj) )
};

FIGURE 1. Set definition in the structural optimization model inAMPL andMATLAB

MATLAB ’s parameter definition

length=zeros(nv,1);
for i=1:n+1, for j=1:m+1, for k=1:n+1, for l=1:m+1,

if ARCS(i,j,k,l)>0
length(ARCS(i,j,k,l))=sqrt( (k-i)^2 + (l-j)^2 );

end;
end; end; end; end;

AMPL’s parameter definition

param length {(xi,yi,xj,yj) in ARCS} := sqrt( (xj-xi)^2 + (yj-yi)^2 );

FIGURE 2. Parameter definition over a set in the structural optimization model in
AMPL andMATLAB
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Assembling the coefficient matrices inMATLAB

c=[];
for k=1:n+1, for l=1:m+1,

c1=zeros(1,3*nv+(m+1)*(n+1)); c2=zeros(1,3*nv+(m+1)*(n+1));
for i=1:n+1, for j=1:m+1,

if ARCS(i,j,k,l)>0
c1(2*nv+ARCS(i,j,k,l))=(i-k)/(length(ARCS(i,j,k,l))^1.5);
c2(2*nv+ARCS(i,j,k,l))=(j-l)/(length(ARCS(i,j,k,l))^1.5);

end;
if ARCS(k,l,i,j)>0

c1(2*nv+ARCS(k,l,i,j))=(i-k)/(length(ARCS(k,l,i,j))^1.5);
c2(2*nv+ARCS(k,l,i,j))=(j-l)/(length(ARCS(k,l,i,j))^1.5);

end;
end; end;
c=[c;-c1;-c2];
c1(3*nv+(l-1)*(n+1)+k)=1; c2(3*nv+(l-1)*(n+1)+k)=1;
c=[c;c1;c2];
d=[d;[f1(k,l);f2(k,l);-f1(k,l);-f2(k,l)]];

end; end;
C=[C;c];

Defining the same constraints inAMPL

subject to load_constraints {(xk,yk) in NODES, d in 1..2}:
sum {(xi,yi,xk,yk) in ARCS} y[xi,yi,xk,yk]*

(if d==1 then xi-xk else yi-yk)/length[xi,yi,xk,yk]^1.5
+ sum {(xk,yk,xj,yj) in ARCS} y[xk,yk,xj,yj]*

(if d==1 then xj-xk else yj-yk)/length[xk,yk,xj,yj]^1.5
= f[xk,yk,d];

FIGURE 3. Defining constraints in the structural optimization model inAMPL andMATLAB
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