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Abstract

Random-pocessautocorelationsand crosscorelations
in three dimensionshere provide computationallyefficient
mean-squag-eror and average-gain measues to contmol
mainbeamandsidelobecharacteristicsin corvex optimiza-
tion of far-field beamformingcoeficientsfor large wide-
bandarrays. An exampleoptimizedwith the ultra-eficient
interior-pointcodeLOQOillustrates.

1. Intr oduction

Optimizationof beamformingweightsfor widebandar-
raysof hundredsor thousand®f sensorelementgresents
a formidablecomputationathallengethe far-field version
of which we proposeto addresghroughformulation of a
corvex optimizationproblem—inparticulara second-order
coneprogram[1]—followedby its numericalsolutionwith
an ultra-eficient nonlinearoptimizer, LOQO [2, 3], thatis
basedon a so-calledinfeasibleinterior-point method. This
paperdevelopslinear andquadraticperformanceneasures
that can be usedin efficient formulation of designcon-
straintsin suchan optimizationsettingand illustratesthe
conceptghrougha simpleLOQO-optimizedexample.

The uniguecontribution hereis the approachan exten-
sion to threedimensionsof an approactdevelopedearlier
for thedesignof FIR digital filters in onedimension4]. In
this new settingwe might control sidelobelevels, for ex-
ample,by constrainingthe beamformemutput power that
would resultfrom incidentthermalradiationrandomlydis-
tributed over wavenumberscorrespondingo the desired
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sideloberegion. We will shav thatthis is mathematically
equivalentto constrainingheRMS level of thearraypattern
over that sideloberegion. Similarly, fixing the crosscorre-
lation betweerthe outputof the beamformeandthe output
of aco-locatedsotropicelementwhenbotharesubjectedo
thermalradiationrandomlydistributedoveradesiredmain-
beamregion effectively fixesthe averagemain-beangain.

The motivating advantageof this approachs computa-
tional efficiency. Beamformeroptimizationwith second-
order cone programminghasin fact beenreportedprevi-
ously [5], but thoseearly explorationsusedseparatecon-
straintsat mary individual points in wavenumberspace.
While suchwavenumbersamplingappearsractically un-
avoidablein L, optimization,our experimentsuggesthat
for L, optimizationthe presentapproachpy avoiding the
implicit multidimensionahumericalintegrationassociated
with sampling,canbe two ordersof magnitudefasterfor
planararraysof afew hundredelements.

The presentapproachof specifying thermal-radiation
power densityasa function of wavenumberalso provides
tremendoudlexibility in the creationof systemsof con-
straints.Herewe only begin to tapthis potential,illustrating
the approachwith wavenumbersiniformly distributedover
the portion of a hemisphericasurfacecorrespondingo the
desiredsideloberegion for a narravbandarray

Thekey mathematicatesultsarederivedin the next sec-
tion andillustratedthroughLOQO-basedomputationaéx-
amplein thethird section.

2. BeamFormulation

Before dealing with thermal radiation, a single plane
wave will helpsetup the conceptof anarraypatternin the
preciseway desired.



The Array Pattern A single-frequeng planewave prop-
agatingat somevelocity ¢ with wavenumbewrector—¢, the
negative of alook vector/, hasa comple field proportion-
al to (we will say equalto) e/27(¢-x+litll<t) at an arbitrary
spatial locationx. (This field has spatial frequeng |||
and wavelength1/|¢||.) Multiplying this by someunits-
corversionconstanty resultsin the analytic signal at the
outputof anisotropic sensorat locationx, andmoregen-
erally sucha constantwould take form vH (¢) to reflect
the additionalgain and phaseshift of a nonisotropicsen-
sor. Complex sensorgain H (¢) is a function both of look
direction¢/||£|| and(temporal)frequeng c||£]|.

For the purpose®f this paper the beamformeutputis
abeamformingsumof theform!

sp(t) = ) wxH(£)yed2m(Extltlen
xeX

This analytic signalis formedasa comple linear combi-
nationof theanalyticsignalsoutputfrom sensorsthearray
elementsat the locationsin somefinite setX'. This beam
canbefactoredass; (t) = B(£)ye/?ll¢liet wherethearray
patternor complex beamformegainis

B(¢) = Z Wy Hy (£)e? 276 (1)

xXEX

This complec gainis theratio of the analyticheamformer
outputsignalto theanalyticoutputof ahypotheticalsotrop-
ic elementatlocationx = 0.

A Random Field Now insteadof a single plane wave,
supposehefield comprisesnary plane-wave components,
with the componentat wavenumber—¢ having random
complex amplituded Z(¢), whererandommeasurez is fi-
nite in meansquare(on any Borel setin R?) with orthogo-
nal increments.Thenthe randomincidentfield atlocation
x andtime t is givenby second-ordestochastidéntegral

/ej2ﬂ(€~x+||€||ct) dZ(0) 2)
andyieldsbeamformenoutput
so(t) = / B(o)e> et gz(g)

As an example, supposefor some particular fixed £
that Z(B) is definedto yield a zero-mearcircular com-
plex randomvariableif £, € B andsothatZ(B) = 0

I More generally the weightscanbe madefunctionsof frequeng.

2Mary texts like Wong and Hajek [6], Rosenblat{7], Adler [8], and
Yaglom [9] usea Stieltjes-styleintegral with respectto an orthogonal-
incrementprocessbut that is more naturalin a single dimension. The
presentdevelopmentinsteadfollows Rozane [10] andusesa Lebesgue-
styleintegral with respecto arandommeasure.

if 4o ¢ B. In this simple case,the field then comprises
a singleplanewave at wavenumber—/q, but with random
(Rayleigh-distriluted) amplitudeand (uniformly distribut-
ed) phase. With a more-geneial randommeasue Z, the
randomfield (2) would compriseuncorrelatedcomponents
distributedacrossthe spectrunof wavenumbes.

The Power Gain The averagepower P, of this beam-
formeroutputis

E{sy(t)sy(t)}
2 / B(0)B (el ldl-llulet+ (¢—p)x]
x E{dZ(0)dZ(p)}

2 / B(0)2 dF(¢) 3)

By

usingbasicresult E{dZ(£)dZ(u)} = 6(¢ — p) dudF(£)
from stochastiéntegrationtheory[6, 9]. Sincetheintensity
E{| - |*} of therandomfield givenby (2) is similarly giv-
enby [dF(¢) = F(R®), positve Borel measuref’ on R®
shouldbe interpretedasthe distribution versuslook vector
of comple field intensity

A normalizationfurther clarifies the picture. The nor-
malizationconstanis the power P; out of anisotropicele-
mentatx = 0, obtainedby replacingB(¢) with unity in the
derivationof (3) to obtain

P = E{si(t)si(t)} = h|*F(R®) (4)

The power gain of the beamformeiin responseo the hy-
pothesizedandomincidentfield is theratio

% - / B2 dP(0)

where normalized measureP, specifiedby P(B) =

F(B)/F(R?), is seento be a probability measure. This

power gain can therefore be effectively interpreted as a

weightedmean-squag beamformegain. Many usefulper

formancemeasuresanbeformulatedthroughwavenumber
distributionsspecifiedoy P or F'.

Normalized Crosscorrelation If we adoptthe awkward
but consistenhotationP,; for thecrosscorrelatiotetween
the beamformerand isotropic outputs,then a completely
parallelderivationyields

Pus = B{ss(0s0) = h* [ BOF© 6

and P
bi
i /B(e) dP(¢)
aweighted-a&eragebeamformepain. This canbeusefulin
main-beanspecifications.



Figure 1. Simple example: A circular off-boresight
main beam and minim um-RMS sidelobes.

The Autocorrelation of the Field It is sometimesadwvan-

tageoudo computeaveragepower P, andcrosscorrelation
Py; in a“spatialdomain” obtainedthroughinverseFourier

transformatiorof the relationshipg3-5). Begin by substi-

tuting (1) into (3) to obtain

Po= 12wy / Hoo(0)Hy (07 %) 4P (0)
x,yEX

= [9*) wxly (hx x R* hy)(x — y) (6)
x,yeX

where denotescorvolution, where hy (x) is the inverse
Fourier transformof Hy (£), where hy denotesthe para-
conjugateof function h,, relatedaccordingto hy(z) =

hx(—z), andwhere R(z) is thet = 0 spatialautocorre-
lation of therandomfield:

E{ / 27 4z (1) / e (y-2) dZ(,u)}
= / />t dF(¢)

Unsurprisingly this is just the inverseFourier transformof
thedistribution ' of poweracrosghelook-vectorspectrum.
Parallelderivationsyield P; = |y|?R(0) and

Pyi = 7> ) wx (hx  R)(x) @)

xXEX

R(z)

Figure 2. For narrowband sidelobe contr ol, look
vector £was distrib uted unif ormly on a hemisphere
with a main-beam cutout.

The importanceof theseformsin computingthe power
ratioslies in the finite characteiof the sumsandin special
casespermittingthe corvolutionsto be easily and exactly
computed.The mostobviousis the isotropicarray-element
casehx(z) = 4(z) in whichtheconvolutionsdisappeaand
leave only theautocorrelationThisis thecasedevelopedn
theexample.

3. A Simple Computational Example

We considera narravbandarray operatingat temporal
frequeny ¢/X with 61 array elementdocatedin the hor-
izontal plane (orthogonalto v) within an origin-centered,
hexagonallyshapedegionatthe A /2 spacegointsof atri-
anguladattice. TheLOQO-optimizedarraypatternin Fig. 1
minimizessidelobepowergain P, / P; using(6) while fixing
theaveragemain-beangain Py; / P; using(7).

Sidelobepower gainsare computedsupposinghat the
random-fieldlook vectorsare distributed as sketchedin
Fig. 2, uniformly ontheuppersurfaceof aradiusA=! hemi-
spherdessa circular cutoutof half angularwidth 8 = 20°
and centeredn the directiona of the desiredmain beam.
Hered andv are30° apart,sothe main beamis 30° “of-
f boresight. The uniform spectralsurfacedensitychosen
integratesto unit power. The averagemain-beamgain is
computedsupposinghe random-fieldook vectorsaredis-
tributedinsteadover the cutoutregion in the figure, again
with powernormalization.

The autocorrelatiorkernel R in (7) is just the inverse
Fourier transformof a uniform distribution on this cutout,
andthekernelR in (6) is thedifferencebetweertheinverse
Fourier transformsof uniform distributions on the hemi-
sphereandon the cutout. Eachtransformis computedus-
ing theresultderivedin the appendix.For example,with x
adimensionlestocationnormalizedby X for mathematical



corveniencetheautocorrelations givenby

1
2R(\x) = / Jo(2m\/1— @ ||lx — ¥ - x||) €27V 2 dgp
0
1
— [ B@ry/T=¢|x—a-x||)e?™=dp
cos 0
For each¥, thedecibelgain201log | B(¢)| in Fig. 1is plot-
ted versusthe projectionof £ into the horizontalplane. S-
incethelook vectorsof interestareall of lengthA—!, those
projectedpoints form a filled circle, the baseof the plot.
Theimagegray scalecyclesfrom black to white andback
to black every 10 dB, so the sidelobesclosestto the main
beampeakabout—25 dB, whereaghe largestof the side-
lobescloseto the front (to the viewpoint of the plot) areat
about—35 dB.

APPENDIX:
Inverting a Spherical-ShellSpectrum

Herewewill multiply look vectorsby A andlocationsby
A~! andin eithercasedenotehedimensionlessormalized
resultwith an underscore.We will denotedimensionless
unit vectorswith ahat.

Supposeave aregivensomeunit vectorv andsomefunc-
tion S(z) thattogetherdefinespectralmeasureF’ through
dF(¢) = (4m)~1S(£-v) dA(£), usingnormalizedook vec-
tor £ = ¢\ andwith A representind.ebesguesurface-area
measuren hollow unit sphereS in R* andextendedo R?
with A(S¢) = 0. Theautocorrelations then

T A4r

R(x) = / e X qR(0) = 1 / S(L-%)e™ExgA(p),
wherex = A\~!x. NotethatwhenS(z) = 1 everywhere,
thenormalizatiorhasresultedn R(0) = A(S) = 1.

To putthis integral in a morecorvenientform for com-
putation, begin by expressingvectorsf and x in a for-
m of cylindrical coordinateswith axis v by decomposing
eachinto a componentalong v and a componentin the
two-dimensionakubspac@rthogonatto v. This resultsin
L= ¢v+ £, andx = £V + x,.. Thenwrite £, asph with
p > 0sothat{ = ¢v + ph. (Thep = 0 point canbe left
undefinedwith no effect on the integral.) Thesedecompo-
sitionstransformtheintegrandto S (¢)e?2™9¢ gi2mrh-x.

Determining the normalized differential surface area
dA(£) is moreinvolved. Constraint, € S implies both
d¢ 1 ¢ and dh L h. The first of these,using df =
dov + pdh + dph, becomed - df = ¢dop + pdp = 0
with helpfrom the second.Thisimpliesdp = —(¢/p) d¢
andhenced! = pdh + (Vv — (¢/p)h)d¢. Now dh and
d¢ canbe seento contrituteto changesn d¢ in orthogonal
directions,sodA(¢) = pdh x ||(Vv — (¢/p) h)|| dp. But

I = (@/p)B)|* = 1+ (d/p)* = ||t*/p* andhence
dA(2) = ||¢|| dhdg. Infact||f|| = 1 is all thatremainsto
respect € S, sodA(f) = dhdg.

Puttingtheseresultstogethertheintegralbecomes

1 .
R =5 [ s@eree| o [ eron i) as

27
where T denotesthe unit circle in R2. The inner inte-
gral is a specialcaseof standard[11] result J,(w) =

2 . .
5 1.n ™ etw cos Gema de’ so
T 0

R = 5 [ S Rmp@)le)e ds,

wherethe dependencef p on ¢ throughthe requirement
thatZ = 1 hasbeenshowvn explicitly. It looksslightly nicer
writtenas

1
R(x) = %[1 S(#)Jo (2|0 |||xL||) €2 dep.
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