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Abstract

Consider a “black box” having I input channels and J output
channels. Each arrival on an input channel gets routed through the
black box and appears on an output channel. The system is monitored
for a fixed time period and a record is made of the number of arrivals
on each input channel and the number of departures on each output
channel. The OD (origination-destination) matrix estimation problem
is to estimate, for each 7 and 7, the number of arrivals on channel
that depart on channel 7. We introduce a Poisson stochastic model
and employ the EM algorithm to produce high likelihood estimates. In
the case of estimation based on observations over a single time-period,
we analyze in detail the fixed points of the EM algorithm showing that
every vertex of a certain polytope of feasible matrices is a fixed point
and identifying a specific interior fixed point which is a saddle point
for the likelihood function.
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1 Introduction.

In this paper, we study systems having a set I of input channels and a set J
of output channels with the property that each arrival on an input channel
gets routed through the system and exits on one of the output channels. For
each 2 and j, we wish to estimate the number of arrivals that entered on
1 and departed on j. However, such detailed observation is assumed to be
impossible (or at least not economical). Instead, the system is monitored
for a fixed time period and a record is made of the number of arrivals on
each input channel and the number of departures on each output channel
but it is not known how the inputs and outputs match up. Based on the
observed data, we seek an estimate for the desired origination-destination
(OD) matriz defined as that matrix whose 7, 7-th element (z € I, j € J) is
the expected number of arrivals on z that depart on j.

Of course, if we were to assume that each arrival instantaneously appears
on a departure channel and that there are no simultaneous arrivals, then
we could simply set the observation period so small that with overwhelming
probability we would see at most one arrival/departure. In this case, there
would be no question about the route. Several of these very short observation
periods could then be aggregated to form a detailed picture over a longer
time horizon. But, in reality, there is typically a delay in the system so
that an arrival does not immediately appear on its output channel and this
delay is usually of sufficient duration that other arrivals are likely to enter
the system during this time. The existence of this delay implies that we
should watch the system for an extended period of time so that most of
the counted arrivals match up with counted departures. Thus, there is a
trade-off between the desire to observe over a short time interval to glean
the most information and the need to observe over a long time interval to
minimize boundary effects. In this paper, we finesse this issue by assuming
on the one hand that there is no system delay but on the other hand that the
system is observed over a time interval for which it is likely that there will be
several arrivals/departures. For example, consider the problem of modeling
traffic flows in a single intersection. In this case, one time interval would be
a single cycle through the sequence of lights. The number of cars arriving to
and departing from each direction then would typically be less than about
twenty. For a comprehensive account of this traffic management problem see
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Suppose that an observation time-interval has been determined. Further-
more, we assume that data will be collected over multiple time intervals. One
can envision two possible objectives: either

e to collect data for a fixed number of time intervals and then produce
an estimate at the end, or

e to develop a running estimate of the OD matrix as the system evolves.

In this paper, we focus entirely on the second objective. To produce a running
estimate, it is natural to consider iterative procedures in which a current
estimate, say A(®), is updated to a new estimate A1) using only the statistics
observed over the current time interval. In fact, probably the simplest and
most reasonable procedure would be to use a time series,

]\(t-l-l) _ p]\(t) T q]\(t,cur)7

where p and ¢ are nonnegative real numbers summing to one and Altewr)
denotes an estimate for the OD matrix computed using only the current
observations. In this paper, we use the EM algorithm to produce the estimate
A=) Tn particular, we derive the formula for this algorithm, study its
properties, and discuss efficient mechanisms for implementing the algorithm.
It should be noted from the start that one cannot expect any estimator of
the OD matrix computed based on one obsevation period to produce a very
good estimator since this is a problem of estimating |I| x |J| parameters
using only |I| 4 |J| — 1 observed data points. Nonetheless, one hopes that
the time-series approach will eventually produce a good estimate. Numerical
studies confirming this hope can be found in [2].

Henceforth, we shall focus on only one observation interval. We assume
that, for each 2 € I and 7 € J, the number Y;; of arrivals on channel : that
depart on channel j is a Poisson random variable with (unknown) parameter
Aij. Furthermore, we assume that these random variables are independent of
each other. For each 7 € I, we let

X;=)Y;
jeJ
denote the total number of arrivals on channel = and, for each 7 € J, we let

Zj =) Y,
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denote the number of departures on channel 7. Since the sum of independent
Poisson random variables is also Poisson, it follows that the vector

X=(X;:1€1)
is a collection of independent Poisson random variables. Similarly, the vector
Z = (ZJ ] € J)

is a collection of independent Poisson random variables. However, the ran-
dom variables in X are not independent of the random variables in Z.
The problem is to estimate the matrix of unknown parameters

A=(N\j:iel,jeld)

based on observations of X and Z. In this paper, we look for a maximum
likelihood estimator for this matrix. Indeed, given a vector

m=(m;:1€1)
of arrival observations and a vector
n=(n;:7€J)
of departure observations, the likelihood of A is given by

LA = P(X=m,Z=n)
- Y P(Y=R)

ReR(m,n)
N
= Z He_Aiji7 (11)
ReR(m,n) 1,5 ]

where R(m,n) denotes the set of matrices R = (r;; : ¢« € I,j € J) having
nonnegative integer elements and having the correct row and column sums:

Zrij = m; foreachiel
J

Zrij = n; foreachjeJ



Our goal is to maximize this likelihood function over all A in |R{|_XJ. In
Section 2, we discuss this optimization problem and the EM algorithm which
attempts to find a maximum. In Sections 3 and 4, we study the fixed points
of the EM algorithm. Section 5 contains the details of a specific example and
finally Section 6 discusses computational issues. We end this section with
some definitions that we will need throughout the paper.

1.1 Notations and Definitions

Before continuing, we introduce some economizing notation that will be used
throughout this paper. If A is a matrix with nonnegative real entries and R
is a matrix with nonnegative integer entries, we let A® denote the obvious

AR =T[5
iJ
and we let R! denote the componentwise product of factorials

R' == Hrij!.
3

componentwise product

Also, we let
INEDIPY
1’7-7
and similarly for a vector m = (m; : ¢ € I) we let
|m| = z:mZ

Throughout this paper m will denote the vector of observed arrivals, n will
denote the vector of observed departures and

N = m| = |n]

will denote the total number of arrivals/departures.
With these notations, the likelihood function can be written as follows:

A AR
LA = 3 M (12)
ReR :
where we have written R instead of R(m,n). We will typically not mention
the dependence of R on m and n unless it is necessary.

Finally, the support of a matrix R = (r;; : 1+ € 1,5 € J) is the subset of
I x J on which r;; # 0.



2 Maximum Likelihood and the EM Algo-
rithm

The EM algorithm [1, 8] is an algorithm for finding high likelihood estimators
from incomplete data. It is an iterative algorithm in which a starting estimate
A% is iteratively updated according to a formula

AL = f(ARY,

where f is a transformation on |R{|_XJ. The transformation f is called the
EM operator. It is known [1] that the EM operator generates a sequence
of estimates that have monotonically increasing likelihood. Hence, even if
the algorithm fails to produce a maximum likelihood estimate (and failure is
typical), it does always produce an increasing sequence and so we describe
the limiting estimate as a high likelihood estimator. In this section, we give
two separate derivations of the EM operator.

See [6, 7] for applications of the EM algorithm to similar estimation prob-
lems.

2.1 First Derivation

The first derivation is the simplest and has nothing to do with the usual
description of how one obtains an EM algorithm. Instead, we simply sup-
pose that the maximum likelihood estimator lies in the interior of IRiXJ and
differentiate the likelihood function to find its interior critical points. Setting
to zero the derivative with respect to Az, we see that

oL AE (1
0= — = e IM (——1). 2.1
w2 B\ (21)

Now, for Ay > 0, we can multiply through by Ag to obtain the following
equivalent expression:

R R
Z e E'r’kl = )\kl Z e ﬁ (22)

Any interior matrix A that satisfies (2.2) for every k € I, ] € J is a critical
point for the likelihood function. Cancelling exp(—|A|) from both sides and
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writing the equations indexed by k& € I, [ € J as one matrix equation, we see
that interior critical points must satisfy

A = f(A), (23)

where f is the transformation on IRiXJ defined by
(2.4)

As we shall see next, this is the EM operator.

2.2 Second Derivation

The EM algorithm is usually defined as follows (see, e.g., [8]). First, compute
the maximum likelihood estimator assuming full information (the M-step).
Then take the conditional expectation (the E-step) of this maximum like-
lihood estimator (computed using the current value of A) given only the
observed information.

For the problem at hand, full information means knowing the values of
Y. Hence, the full information likelihood function is

- _iy A
Mm:myzm:eHﬁr

Since this likelihood function corresponds to independent Poisson random
variables, the full information maximum likelihood estimator is easy to com-
pute:

A =R,

or, in terms of random variables,
A=Y.
Then the E-step of the EM algorithm produces the next iterate:
A = EY|X =m,Z =n]

7



_ ReRr :
- R
3 A

1

ReR R

= f(4),
where f is the EM operator defined by (2.4).

Remark: Note that this derivation of the EM algorithm differs slightly
from the usual derivation as given, e.g., in [1] or [8]. In Appendix A, we give
a derivation that conforms exactly with the cited references. We include this
appendix to make it clear that equation (2.4) is the EM algorithm.

3 Boundary Fixed Points of the EM Oper-
ator

In this section, we begin our study of the fixed points of the EM operator
f defined by (2.4). First, note that every fixed point must belong to the
convex hull of R since f can be viewed as forming a convex combination of
the matrices R in k.

Theorem 1 Every extreme point of the convex hull of R is a fized point of
the EM operator.

The proof of this theorem depends on the following lemma:

Lemma 2 Gwen a matriz A # 0 with integer entries whose row and column
sums vanish, there ezists a matriz U # 0 with entries in {—1,0,1} such that
the support of U s contained in the support of A, and the row and column
sums of U vanish.

Proof. The matrix A represents a bipartite graph as follows. The left-
hand nodes correspond to the rows of A (i.e., they correspond to the set of

8



input channels I), the right-hand nodes correspond to the columns of A (i.e.,
the output channels J), every positive entry in A, say A;; corresponds to
a link from 7 to j having flow equal to A;;, and finally, every negative A,;
corresponds to a link from 7 to 2 having flow equal to —A,;;. The fact that A
has vanishing row and column sums means that there is flow balance at each
node of the bipartitie graph. The flow decomposition theorem for bipartite
graphs (see e.g. [5], Theorem 3.5) states that this flow can be decomposed
as a sum of unit flows. Since A # 0, this decomposition is nontrivial. The
desired matrix U is the matrix corresponding to any of the unit flows in this
decompostion. a

Proof of Theorem 1. Let S be an extreme point of the convex hull of R.
Since the right-hand side in (2.4) is a convex combination of the R’s in R,
we see that S is a fixed point of the EM operator if and only if

SR
R
for all R € R\{S}. Suppose there exists an R € R\{S} such that SE/R! £ 0.

Then, it is easy to see that the support of R is contained in the support of
S. Let A =5 — R. Clearly, A is a matrix with integer entries whose row

=0

and column sums vanish and whose support is contained in the support of
S. Now, from Lemma 2 there exists a nonzero matrix U whose support is
contained in the support of A and whose row and column sums vanish. Since
all nonzero elements of U are +1, it follows that S+ U and S — U belong to
R. Therefore, S is not an extreme point, which is a contradiction. Hence,

SE/R! =0 forall Rc R\ {S}. O

4 An Interior Fixed Point of the EM Oper-
ator

In this section, we exhibit an interior fixed point. In proving that the interior
point (given by (4.1)) is a fixed point, we will need a multinomial generaliza-
tion of the Vandermonde convolution identity. We find this result interesting
in its own right and hence we present it first.



Recall that N = |m| = 3, m;. We use the standard notation for multi-

nomial coeflicients:
N N !
m ) [T; mi!

representing the number of ways that N items can be divided into sets such
that m,; items are assigned to the z-th set.

Theorem 3 The following multinomial identity holds:

TG"QX(;'E")l;[(;JJ):(Z)

where T.; denotes the j-th column of matriz T.

For 2 x 2 matrices, this theorem reduces exactly to the well-known Van-
dermonde convolution identity:

o(2)(R2F)- ()

Theorem 3 provides what appears to be the most natural generalization of
this identity. This generalization has also recently appeared in the context
of bi-multivariate hypergeometric distributions [3]. While the general result
does not seem to follow in any direct way from the 2 x 2 result, the proof for
the 2 x 2 case generalizes quite naturally:

Proof. We count by two methods the number of ways that N items can be
assigned to groups indexed by I such that the z-th group receives m; items.
Call these groups row groups. Introduce another independent set of groups,
called column groups, indexed by J and suppose that we wish to put n;
items into the j-th column group. Consider an I x J matrix of groups and
suppose that we wish to assign t;; items to the (7, 7)-th group. Let T denote
the matrix whose elements are ¢;;. For fixed 7 € J, the number of ways of
assigning t,, items to group 1, t5; items to group 2, and so on, is given by

(7).

Since we wish the total number of items assigned to column j to be n;, it
follows that |T';| = n,;. Furthermore, the numbers of ways items can be

10



distributed into distinct columns are independent from one another. Hence,
the number of ways of assigning t,; items to group (z,7) as (7,7 ) ranges over

all of I x J is given by
I ( |T5] ) '
; T,

Finally, summing over all T in R(m,n) yields the number of ways of dis-
tributing N items into row groups such that group ¢ gets m; items. O

Theorem 4 The interior point

> rer B/ R!
> rer 1/R!

18 a fized point of the EM operator.

A= (4.1)

Proof. To show that a matrix A is a fixed point of f given by (2.4), it
suffices to show that

3 F(R—1)=0. (4.2)

Substituting the specific matrix A given by (4.1) into the left-hand side of
(4.2) and pulling out common denominators, (4.2) reduces to

1 ETeR T/T
— =0.
(Tser 1/SHYH 1%2 R! z;z

Hence, it is necessary and sufficient to check that

Z Z (ETE’RT/Tl) (R—S):

11
ReR SeER RIS

This follows immediately from the following amazing lemma. O

11



Lemma 5 The real-valued function g defined on R by the formula
g(R)=(>_ T/T)"
TeR

18 constant.

Proof. We say that two matrices R and S in R are neighbors if they
differ by a matrix that has all zero entries except for two 1’s and two —1’s
configured as follows:

1 J2
S—R= u; 1 -1 (4.3)
19 -1 1

It is easy to see that, with this neighbor relation, R is connected. Hence, to
show that g is constant, it suffices to show that g(R) = g(S) for every pair
of neighbors R and S in R. From (4.3) it is easy to see that

L) - (5

TeR

T T
T] « .E ] ] .E

(o) (n)-(n%) (s

TeR TeER TeR

1151 ti2 2
(%) (25
TeR TeER

Now, a simple change of variables shows that
tij 1

DN D SR

TeR(m,n) T TeR(m—e;n—e;) = °

where e; denotes the unit vector having a one in position 2. Hence g is
constant if and only if, for every choice of i;,2, € I and every choice of

j17j2 € J;
1 E]l(m. €i1,7 ej]_) ' 1 E]l(ﬂl €ig T ejg) '

12



1 1
TeER(m—e; n—ej,) TER(m—e;y n—ej )

Finally, Theorem 3 shows that, for any m and n,

1 N!

1 N ) !
TERz(;n,n) T ( m ) II;n! (TLmat)(T0; ms!)
which reduces the verification of (4.5) to triviality. O

Corollary 6 (Hindsight) The ezpression for the interior point A given by
(4.1) simplifies to the following:

mRn

A=
N b

’L'.e., )\ij = mmJ/N

Proof. From (4.1), the (3, 7)-th element of A is given by

ry
RGRz(;n,n) R!
1

2

ReR(m,;n) =

)\ij =

1
RER(mgi,n—eJ') R!
o 1
2 7

ReR

Now, (4.6) gives explicit expressions for the numerator and denominator
which combine to yield that
mgng

)\ij: N

13



The preceeding results suggest that perhaps the likelihood function is
convex (or concave). However, simple examples show that the likelihood
function (1.2) is neither concave nor convex on all of IRiXJ but for all examples
that we have analyzed it is strictly convex when its domain is restricted to
the convex hull of R(m,n). If such a statement could be proved in general,
it would imply that the interior feasible point given in Theorem 4 is the only
interior feasible point, that it is a minimum likelihood point relative to the
convex hull of R(m,n), and, in particular, that it has lower likelihood than
the extreme point solutions of Theorem 1. However, we have been unable to
prove this in general and so we are content with the following partial result.

Theorem 7 The interior fized point given in Theorem 4 is not a local maz-
imum of the likelihood function.

Proof. The likelihood function is given in (1.2) and its first derivatives are
given in (2.1). Its second derivatives are

0L AR r T
_oL ~W AT Ty (ﬂ_l)_gi._ i]
02 0Au 1;: R [(/\ ) Akl B,

and the associated quadratic form is given by

Q(g) = Z 5’” 6)\116)%1

3,5:k,1

_ ZB'A'A (Z(%‘)fa)z Z“Jg L&)

ReR 4,7 4,7 U

Fixing specific values 21,7, € I and 3,72 € J and choosing

E=1[&;]= w ¢ —¢ ;
i ¢ ¢

14



the bracketed expression in (4.7) reduces to ¢? times the following expression:

i1 (Tiljl — 1) + 9 Ti151 T2 72 . 9 Ti151 T 72 . 9 Ti191 T2 g0
)‘121 71 )‘il b )‘i2 J2 )‘il b )‘il J2 )‘il b )‘i2 b
+ Ti272 (Ti2j2 — 1) N 9 Ti252 74172 N 9 Ti232 Tia g1
)‘zzgjg )‘i2j2 )‘il J2 )‘i2j2 )‘i2j1
Ti1 92 (Tiljé — 1) + 9 Ti152 Tia g1
)‘121 Jo )‘il J2 )‘i2j1
+ Tiaq (TiZjl — 1)
22 .
1251
Hence, for this choice of ¢, the quadratic form becomes
Q(g) = e_|A|C2 [ S(m_zeinn_zeﬁ)
+ ZS(m_eil_eizan_ejl_ejZ)
- ZS(m_26i17n_ej1_ej2)
— 25(m —e;, —e€i,,n — 2¢;,)
+ S(m — 2e;,,n — 2ej,)
— 25(m —e;, —e€i,,n — 2¢e;,)
— 25(m — 2e;,,n —e;, —ej,)
+ S(m — 2e;,,n — 2ej,)
+ ZS(m_eil_eizan_ejl_ejZ)
+ S(m — 2ej,,n — Zejl) ]7 (48)
where
TR AR
réR(m'n') °7°

Now, using the explicit formula for the interior fixed point given in Corollary
6 together with (4.6), we see that

m’ TL’-
Sty — Lo g

15



where N' = |m/| = |n/|. Substituting this formula for S(m/,n') into (4.8), we

get

Q(¢) = ¢ M¢?S(m,m)

my, nj,
+ 2
. Z(mil 1)
mil
_ 2(”11 1)
L
+ (mi2 — 1) (nJZ 1)
my, N4,
_ 2(”12 1)
Ty
o Z(miZ 1)
miZ
(miy — 1) (ny, — 1)
my, N4,
2
(m:,Zn 1) (nJ;L 1)] 7 (4.9)
22 Ji

which finally simplifies to

Q) = s, (4 ) (4 2 2o

21 mig

Hence, A = mnT /N is not a local maximum. O

Remark: In this section, we have spent a great deal of effort to study
an interior fixed point which turns out not even to be a local maximum (in
fact, as the example of the next section shows, it appears to be the global
minimum of the likelihood function restricted to conv(R)). Hence, this is a
solution one wishes to avoid. Unfortunately, it is easy to stumble upon this
solution. Indeed, if one starts the EM algorithm by setting the initial choice

16



of A to the matrix of all ones, then the first iteration of the EM algorithm
replaces this initial choice with the interior fixed point (4.1). This is precisely
how we discovered it!

5 An Example

Suppose that |I| = |J| = 2. Then m = (m1,my) and n = (ny1,ny). In this
case, R has only two extreme points:

ml/\nl ml—ml/\nl
nl—ml/\nl mg/\’ng
and
ml—ml/\ng ml/\ng
mg/\nl ’)’Lg—ml/\’ng

Note that the first extreme point is obtained by applying the the northwest-
corner method and the second extreme point is obtained by applying the
analogous method starting in the northeast corner (note also that various
identities, such as m; — m; A ny + may A ny = ns, follow from the fact that
m1 + my = n1 + ny). Theorem 1.1 shows that both of these extreme points
are fixed points of the EM algorithm. Hence, we could always select the first
one. This results in the following EM estimator for A;;:

All — X1 /\ Zl.
This EM estimator is a biased estimator:
EAll - EX1 A Z1
= EYnu+E(XiAZ —Yn)
> EYn;
= A
We make the following conjecture:

Conjecture 8 If the EM algorithm is initialized with an estimate A that
1s uniformly distributed over the convex hull of R, then the resulting EM
estimator (which will be a random conver combination of the extreme points)
15 unbiased.

17



Now suppose that m = (2,1) and n = (2,1). In this case the two extreme

03] = [1o]

and the convex hull can be parametrized with a single real parameter p:

2 0 1 1] [14p 1—p
(85 remn[lo]-[15 7] o

points are

Hence, the likelihood function can also be expressed as a function of p:

1) = (P24 o)

3. 1
e (2 Spi1).
€ (2p 2p+)

From this explicit formula, it is easy to see that L is convex on [0, 1], has a
minimum at p = 1/3, a local maximum at p = 0 and a global maximum at
p=1.

Furthermore, the EM function viewed as a function from [0,1] to [0, 1]
has the following form: ,

p"tp
flp) = 27 3p 12

It is easy to see that the EM algorithm will converge to the global maximum
if p > 1/3, to the other local maximum if p < 1/3 and to the minimum if
p = 1/3. Hence, if the algorithm is started by choosing a value of p uniformly
from [0, 1], then with probability 2/3 the EM algorithm will converge to the
global maximum.

As just shown for this example, the likelihood function restricted to the
convex hull of R is a convex function. We have been unable to determine
whether or not this holds in general.

6 Computational Issues

Computing the EM function f can be a formidable task since the number

of matrices in R is generally huge. For example, for m = (3,2,3,4), and
n = (3,5,1,3), the cardinality of R(m,n) is 797 and for m = (8,3,3,5) and

18



n = (4,4,6,5), the cardinality of R(m,n) is 12527. Hence, we seek a more
efficient computational procedure.

Since every extreme point is known to be a fixed point of the EM function
(and hence an EM estimator), we could apply the northwest corner rule to
find one quickly. However, as indicated in the example of the previous section,
this process will generally produce a biased estimator. One would expect to
get a better estimator by first randomly permuting the rows and the columns
before applying the northwest corner rule. This procedure will yield a ran-
dom vertex. While this procedure appears attractive from a computational
point of view, it too seems to have limitations. Indeed, on the example of
the previous section it will produce one of the two extreme points each with
probability 1/2. However, if we start the EM algorithm using a randomly
generated starting point, there will be a tendency to favor the extreme point
that is the global maximum. Hence, even though generating extreme points
using a northwest-corner type rule is computationally attractive, one might
prefer to actually carry out the EM algorithm and let it converge to a vertex
that hopefully has high likelihood. But, as mentioned above, direct calcula-
tion of the likelihood function is impossible for problems of any significant
size. To diminish this computational problem, we introduce a Markov chain
Ry, £ =0,1,2,..., on the set R whose limiting distribution is known to be
uniform over R. Hence, from the ergodic theorem we get that

R;
o S bR
f(A) = lim ——%—.
k—o0 AT
Yico JT
By simply summing up to a large value of k& we arrive at a computational
procedure that is reasonably effective (see [2] for more details).
The random walk is defined as follows. Starting from a matrix R € R,
select at random two indices 21,22 € I, two indices 71,72 € J, a random
integer ( between —r;,;, A 7i,j, and 7, A7r,; and step to a new point

S=R + u ¢ —¢
12 ¢ ¢
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It is easy to see that this defines an irreducible Markov chain for which
the probability transition matrix is symmetric and hence doubly stochastic.
Therefore, the limiting distribution exists and is the uniform distribution on

R.

7 Concluding Remarks

We have studied the EM algorithm as it applies to the problem of estimating
an OD matrix given its marginals. The operator defining the EM algorithm
has many fixed points including every extreme point on the convex hull of
feasible matrices. We have found a specific expression for one interior point
of the convex hull and proved that this point is not a local maximum.

This algorithm has been implemented and tested on randomly generated
data and has performed reasonably well for the trial data sets. Some im-
provements are made by considering multiple time periods at each iteration
and then recursively determining an estimate using this window in time. The
accuracy of these results are remarkable considering the lack of data that one
has in estimating the OD matrix.

A Third Derivation

The third derivation of the EM operator follows the mathematical derivation
given in [8]. We start with the full information likelihood function

. i AR
L(N)=P;(Y =R)=¢" lﬁ

and compute the conditional expectation of its logarithm given the “observed
information” and using the current estimate A for the parameters:

Q(A,A) = Eyllog L(A)|X = mZ—n]
Zlog( |A|A )
_ ReR A
P



Then we maximize Q over A (for fixed A). It is easy to see that

0Q
n

AR
) (ﬂ — 1) — =0,
Rer \ Akl R

Hence, the only interior critical point is given by

A= f(A)

where, once again, f is the EM operator defined by (2.4). It is easy to see
that this expression for A gives a global maximum since @ is strictly concave
in A (for each fixed A). Concavity is checked by computing the Hessian:

if and only if

Tkl AR
=t -
92Q BRI, (L4) = (kD)
ONijONa i R
0, otherwise,

which is clearly negative definite.
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