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ABSTRACT. In this paper, we give an example of a semidefinite programming problem
in which primal-dual affine-scaling algorithms using the HRVW/KSH/M, MT, and AHO
directions fail. We prove that each of these algorithm can generate a sequence converging
to a non-optimal solution, and that, for the AHO direction, even its associated continu-
ous trajectory can converge to a non-optimal point. In contrast with these directions, we
show that the primal-dual affine-scaling algorithm using the NT direction for the same
semidefinite programming problem always generates a sequence converging to the optimal
solution. Both primal and dual problems have interior feasible solutions, unique optimal
solutions which satisfy strict complementarity, and are nondegenerate everywhere.

1. INTRODUCTION

We consider the standard form semidefinite programming (SDP) problem:

minimize Ce X (1)
subjectto AieX=1b;, i=1...,m X>0,

and its dual:
maximize b‘u @
subjectto Z+ Y ", uiA =C, Z>0,

whereC, X, A; belong to the spac&(n) of n x n real symmetric matrices, the operator

e denotes the standard inner productSiim), i.e.,C ¢ X :=tr(CX) = Zi,j Cij Xij, and

X > 0 means thaX is positive semidefinite.

SDP bears a remarkable resemblance to LP. In fact, it is known that several interior-
point methods for LP and their polynomial convergence analysis can be naturally extended
to SDP (see Alizadeh [1], Jarre [15], Nesterov and Nemirovskii [28, 29], Vandenberghe

and Boyd [38]). However, in extending primal-dual interior-point methods from LP to
SDP, certain choices have to be made and the resulting search direction depends on these
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choices. As a result, there can be several search directions for SDP corresponding to a
single search direction for LP.
This paper deals with primal-dual interior-point algorithms for SDP based on the fol-
lowing four search directions:
(i) HRVW/KSH/M direction,
(i) MT direction,
(iii) AHO direction,
(iv) NT direction.
We study a specific simple SDP problem, and for this problem carefully investigate the be-
havior of the sequence generated by the interior-point methods using these four directions
to show how the convergence property of the algorithm varies depending on the choice of
direction.
There are two popular classes of interior-point methaf8ne-scalingalgorithm and
path-followingalgorithm. Path-following algorithm is characterized by a parametric relax-
ation of the following optimality conditions for SDP:

AeX = b, i=1....,m, (3)
m
Z+ZUiAi = C, (4)
i=1
XZ = ul, 5)
X>0,Z >0,

whereu > 0 is a barrier parameter. In such algorithm, it is necessary to specify a specific
choice ofu at any iteration. The particulars vary from paper to paper, and we therefore
omit them here. Whep = 0 the corresponding method is called affine-scaling algorithm.
Most of the existing SDP literature considers path-following algorithm. In this paper, we
restrict our attention to affine-scaling algorithm.

The affine-scalingalgorithm was originally proposed for LP by Dikin [8], and inde-
pendently rediscovered by Barnes [5], Vanderbei, Meketon and Freedman [39] and others,
after Karmarkar [16] proposed the first polynomial-time interior-point method. Though
polynomial-time complexity has not been proved yet for this algorithm, global convergence
using so-called long steps was proved by Tsuchiya and Muramatsu [37]. This algorithm
is often called therimal (or dual)affine-scaling algorithm because the algorithm is based
on the primal (or dual) problem only. There is also a notiopmal-dualaffine-scaling
algorithm. In fact, for LP, there are two different types of primal-dual affine-scaling algo-
rithm proposed to date; one by Monteiro, Adler and Resende [23], and the other by Jansen,
Roos, and Terlaky [14]. The latter is sometimes calledDHen-typeprimal-dual affine-
scaling algorithm. Both of these papers provide a proof of polynomial-time convergence
for the respective algorithm, though the complexity of the former algorithm is much worse
than the latter.

All of the affine-scaling algorithms just described can be naturally extended to SDP.
Faybusovich [9, 10] dealt with the SDP extension of the primal affine-scaling algorithm.
Global convergence of the associated continuous trajectory was proved by Goldfarb and
Scheinberg [12]. However, Muramatsu [27] gave an example for which the algorithm
fails to converge to an optimal solution for any step size, showing that the primal affine-
scaling algorithm for SDP does not have the same global convergence property that one
has for LP. For both primal-dual affine-scaling algorithms, de Klerk, Roos and Terlaky
[7] proved polynomial-time convergence. However, as was mentioned before, there exist
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several different search directions in primal-dual interior-point methods for SD@zeid
of the primal-dual affine-scaling algorithms studied by de Klerk, Roos and Terlaky was
based on a certain specific choice of search direction. Below we discuss in detail how the
various search directions arise.

The primal-dual affine-scaling direction proposed by Monteiro, Adler and Resende [23]
is the Newton direction for the set of optimality conditions, i.e., primal feasibility, dual
feasibility and complementarity. For SDP, the optimality conditions are (3), (4) and

XZ =0. (6)

A direct application of Newton’s method produces the following equationa 6y Au and
AZ (throughout this paper, we assume that the current point is primal and dual feasible):

AeAX = 0, i=1,...,m, @)
m
AZ + AUA = 0, (8)
i=1
XAZ + AXZ = —XZ. 9)

However, due to (9), the solution of this system does not give a symmetric solution in
general (actuallyhAZ must be symmetric by (8) but X is generally not symmetric). To
date, several ways have been proposed to overcome this diffeeatty,poducing different
directions in general.

In this paper, we study a specific simple SDP problem, and for this problem carefully
investigate the behavior of the sequence generated by the primal-dual affine-scaling algo-
rithms using these four directions to show how the convergence property of the algorithm
varies depending on the choice of direction.

Now we describe the four directions we deal with in this paper. Note that the papers
mentioned below deal exclusively with path-following algorithms, for which the corre-
sponding affine-scaling algorithms can be derived by settirgO.

1.1. The HRVW/KSH/M Direction. This direction is derived by using (7)—(9) as is, and
then taking the symmetric part of the resultingl. This method to make a symmetric di-
rection was independently proposed by Helmberg, Rendl, Vanderbei and Wolkowicz [13],
Kojima, Shindoh and Hara [18], and Monteiro [21]. Polynomial-time convergence was
proved for the path-following algorithms using this direction. For related work, see also the
papers of Lin and Saigal [19], Potra and Sheng [32], and Zhang [40]. The HRVW/KSH/M
direction is currently very popular for practical implementati@tduse of its computa-
tional simplicity. Almost all SDP solvers have an option to use this direction, and some
serious solvers (for example, Borchers [6] and Fujisawa and Kojima [11]) use this direction
only.

1.2. The MT Direction. Monteiro and Tsuchiya [24] apply Newton’s method to the sys-
tem obtained from (3)—(6) by replacing (6) with
x12zx12 =o.
The resulting direction is guaranteed to be symmetric. It is the solution of (7), (8) and
VZXY2 4 XY2zv + X1V2azxY2 = _xY2zx1/?, (10)
vxY2 4 xt2y = AX (11)
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whereV € §(n) is an auxiliary variable. They proved polynomial-time convergence of
the path-following algorithm using this direction. Recently, Monteiro and Zanjacomo [25]
discussed a computational aspects of this direction, and gave some numerical experiments.

1.3. The AHO Direction. Alizadeh, Haeberly, and Overton [2] proposed symmetrizing
equation (6) by rewriting it as

XZ+ZX =0, (12)

and then applying Newton’s method to (3), (4) and (12). The resulting direction is a solu-
tion of (7), (8) and

XAZ + AXZ + ZAX + AZX = —(XZ + ZX). (13)

Several convergence properties including polynomial-time convergence are known for the
path-following algorithm using the AHO direction. See for example the work of Kojima,
Shida and Shindoh [17], Monteiro [22], and Tseng [36]. The AHO direction however, is
not necessarily well-defined on the feasible region as observed by Shida, Shindoh and Ko-
jima [33]; the linear system (7), (8), and (13) can be inconsistent for some problems.
In fact, a specific example was given by Todd, Toh andimdi [35]. On the other
hand, Alizadeh, Haeberly, and Overton [4] report that the path-following algorithm us-
ing the AHO direction has empirically better convergence properties than the one using
the HRVW/KSH/M direction.

1.4. The NT Direction. Nesterov and Todd [30, 31] proposed primal-dual algorithms for
more general convex programming than SDP, which includes SDP as a special case. Their
search direction naturally produces a symmetric direction. The direction is the solution of
(7), (8) and

AX + DAZD = —X, (14)
whereD € §(n) is a unique solution of
DZD = X. (15)

Polynomial-time convergence of the corresponding path-following algorithm was proved
in their original paper [30]. Also, see the works of Monteiro and Zhang [26], Luo, Sturm
and Zhang [20], and Sturm and Zhang [34] for some convergence properties of the al-
gorithms using the NT direction. The primal-dual affine-scaling algorithm studied by de
Klerk, Roos and Terlaky [7] was based on this direction. As for numerical computation,
Todd, Toh and TWtlinai [35] reported that the path-following algorithm using the NT di-
rection is more robust than algorithms based on the HRVW/KSH/M and AHO directions.

1.5. Notation and Organization. The rest of this paper is organized as follows. In Sec-
tion 2, we introduce the specific SDP problem we wish to study.

Section 3, deals with the HRVW/KSH/M direction. We consider the long-step primal-
dual affine-scaling algorithm. One iteration of the long-step algorithm using search direc-
tion (AX, Au, AZ) is as follows:

Xt = X+ AraAX,
ut = u+AGAU,
ZT = Z+41AZ,

wherea is defined by

a = min(ap, ap), (16)
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where

ap = sup{a | X+aAX >0},
ap = sup{a |Z4+aAZ =0},

and A is a fixed constant less than 1. We prove that, for any fixethere exists a re-
gion of initial points such that the long-step primal-dual affine-scaling algorithm using the
HRVW/KSH/M direction converges to a non-optimal point.

In Section 4, we prove the same statement as above for the MT direction by showing
that the MT direction is identical to the HRVW/KSH/M direction for our example.

In Section 5, we deal with the AHO direction. We consider the continuous trajectory
which is a solution of the following autonomous differential equation:

Xt = AX(Xg, ut, Zy), (17)
U = Au(X, U, Zy), (18)
Zi = AZ(Xt, U, Zy). (19)

We prove that the continuous trajectory of the AHO direction can converge to a non-
optimal point.

In Section 6, we show that the long-step primal-dual affine-scaling algorithm using the
NT direction generates a sequence converging to the optimal solution for any chaice of
Note that this result does not mean the global convergence property of the algorithm, but a
robust convergence property for the specific problem, for which the other three algorithms
can fail to get its optimal solution.

Section 7 provides some concluding remarks.

Note that each section is fairly independent of the others and we use the same symbol
(AX, Au, AZ) for different directions; e.gA X in Section 3 refers to the HRVW/KSH/M
direction, while in Section 5, it's the AHO direction.

2. THE SDPEXAMPLE

The primal-dual pair of SDP problem we deal with in this paper is as follows:

minimize (1) 2 o X

(P) _ 0 1 (20)
subject to 10]° X=2  X>0,
maximize 2

(D) subject to Z+u<(1) é)=<(l) 2) Z>0, (21)

whereX, Z € §(2) andu € R. The equality condition of the primal (20) says that the
off-diagonal elements aX must be 1 forX to be feasible. Thus, putting

X=(§ ;) (22)

and noting thaX > 0 < x > 0,y > 0, xy > 1, we see that problem (20) is equivalent to

minimize Xx+y

subjectto x>0, y>0, xy>1, (23)

whose optimal solution i, y) = (1, 1).
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Similarly, from the equality condition of the dual (21), we see thatan be written as

follows:
1 —u
z-( 3 1) (24)

and that the dual is equivalent to the following linear program:

maximize 2
subjectto —1<u<1,

whose optimal solution is obviously= 1.
Since we assume that the current point is primal and dual feasible in this paper, we see
from (22) and (24) that each of the search directions has the following form:

AX 0 0 —AU
= (3 8) az=(% 9 20

In the following, we put

(25)

F={Xy,u)|xy>1 x>0, y>0 —-1<ux<l}.

We see thaX andZ with (22) and (24) are feasible if and only(¥, y, u) € F, thusF is
called primal-dual feasible region. We also define the interior of the feasible region:

For={(X,y,u)|xy>1 x>0 y>0 —-1<u<l1}.
Obviously, if (x, y, u) € F°, then the corresponding and Z are feasible and positive

definite.
Itis easy to see that

(x*, y*,u") =(1,1,1)
is the unique optimal solutions of (23) and (25), hence

wv=((F 1) (4 7))

is the unique optimal solutions of (20) and (21). It can also be easily seen that the optimal
values of (20) and (21) coincide, that the optimal solutions satisfy strict complementarity,
and that the problems are nondegenerate (see Muramatsu [27]; for degeneracy in SDP, see
Alizadeh, Haeberly, and Overton [3]). In fact, this example problem was first proposed in
Muramatsu [27] to prove that the primal affine-scaling algorithm fails.

3. THE HRVW/KSH/M DIRECTION

In this section, we consider the long-step primal-dual affine-scaling algorithm using the
HRVW/KSH/M direction. To calculate the HRVW/KSH/M directiadh X, Au, AZ) at a
feasible poin(X, u, Z), we first solve the following system:

01\ —
(1 0).AX = 0 (27)

0 1
AZ+Au(1 0) = 0, (28)
XAZ + AXZ = —XZ. (29)

From (27) and (28), we see thatX andAZ have the following form:

— AX  Aw 0 -—Au
sz(—Aw Ay)’ Azz(—Au 0 )
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Note that since we apply the HRVW/KSH/M-type method, we do not assume\tkas
symmetric here. Then we symmetrize:

AX

(AX + AX"Y/2
1 AX  Aw AX —Aw
- 5{( —Aw Ay)+<Aw Ay )} (30)
AX O
( 0 Ay )

Therefore AX is independent oA w.
The third equation, (29), can be written componentwise as:

—AU —UAw  4AX = UuU-—X,
—YAU —Aw —UAYy = uy-1,
—XAU +Aw —UAX = ux-—1,
—Au +UAw +AYy = u-y.
Solving these linear equalities, we have
2(1 —u?
au = 22-0 (31)
X+ Yy+2u
2—xy—x2
AX = é, (32)
X+ y+2u
2—xy—y?
Ay = ————. 33
y X+y+2u (33)

There is also an equation farw but we don’t write it since it disappears after symmetriza-
tion.

Figure 1 shows the vector field\x, Ay) on the primal feasible region with= —0.5.
In fact, since(Ax, Ay) is independent ofi after normalizationy can be arbitrary. From
this figure, we can see that whay = 1, (AX, Ay) is tangential to the boundary of the
primal feasible region, and that its length is not 0 unless the current point is optimal. In the
following, we will see that the primal discrete sequeficey) can be trapped in the curved
boundary, whilal remains negative.

Letting the step lengt (X, y, u) absorb the common factor, we can write one iteration
of the primal-dual affine-scaling algorithm in terms(&f y, u) as follows:

xt = X+AraX, Yy, (@2 —xy— x>, (34)
yh o= y4aa y. w2 —xy - y?), (35)
ut = U4 22a(x, y, uy(d —ud), (36)

where is afixed fraction less than 1 addx, vy, u) is defined by (16). Here, we emphasize
the fact thaty, which is originally a function of X, u, Z), can be regarded as a function
of (X, y, u) due to the correspondence (22) and (24). In fact, we ideftify, u) and
(X, u, Z) in the following.

Now we consider the set

G={X,y, ) e F|lu<0, 1<xy<3/2, x+y=>3}, (37)

and investigate the property of the iteration sequence starting in this region. In fact, our
aim in this section is to prove the following theorem:
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FiIcure 1. Vector Field of the HRVW/KSH/M method

Theorem 1. Letforany2/3<n <1,
g)] ={(X1y1u)€g |X§1—7]}

If, for the HRVW/KSH/M primal-dual affine-scaling algorith{®4), (35) and (36), we
choose the initial pointx?, y°, u% e ¢ to satisfy:

VX0 —1< Ziﬁmin(_Tuo,l—n—xo), (38)

then the limit point is contained in the closuregf.

Since the closure @, does not contain the optimal solution, this theorem implies that the
seguence converges to a non-optimal point.

Note also that the condition (38) can be satisfied fox alhdy. In fact, fixingx? < 1—p
andu® < 0, we can reduce the left hand side arbitrarily by choogthglose to ¥x°.

We first show thatr = ap ongG.

Lemma 2. If (x,y,u) € G, thena(x, y, u) is a positive solution of
— R(X, y)a? — 2(X + Y)a +1 =0, (39)
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where
@-xy)(x+y?-4 1

RO Y) = Xy —1 ~2(xy—1) >0

(40)
ong.

Proof. Noting that 21 — u?) > 0 on the interior feasible region, we have
1—u 1 1
=su U+2e(l-u?<1t= = -
D p{“’ taald-u) = } 20—w) 201w 2

ong.
For the primal problem (20), since” > 0 andy™ > 0 hold whenxTy* > 1, ap isthe
solution ofxTy™ = 1, namely,

X—ap@—=XX+ Y (y—ap@-yXx+Yy)) =1
Expanding this quadratic equation and dividingdyy— 1, we have

— R(X, Y)ad —2(x + y)ap +1=0. (41)
Now we have (40) as
_R-xy)x+y?-4_92-4 1
R y) = xy —1 = xy—1_2(xy—1)>O

ong. Since the coefficient Qf% and the constant of (41) have the opposite signs, this qua-
dratic equation has one positive solution and one negativey arislithe positive solution.
From (41), it follows that

—2(X + y)ap + 1= R(X, y)a3 > 0,
from which we have

=Y

1
—— < = <ap.
ap<2(x+y)_2_ D

Therefore, we havé = ap if (X, y) € G, which is the solution of (41). O

The following two lemmas are used to prove that the sur*ois bounded, which is
essential for the proof of the theorem.

Lemma 3. We have

a(x,y,u) <1/yRX,y)
ong.
Proof. It follows from Lemma 2 that
1-20x+yaxyw _ 1
R(x, y) ~ R,y

a(x,y,u) < 1/VRX, y).

a(x, y, u? =

Thus we have

O
Lemma 4. Assume that we do one iteration of the primal-dual affine-scaling algorithm
((34),(35)and(36)) from (x, y, u) € G to get(x™, y™, u™) with fractioni. Then we have
xtyt —1

<1-22
xy—1
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Proof. The lemma can be seen as follows:
xtyt —1

=T = 1 2ayuicty) - R YAZE(X, y, w?

= 1-204(X Y, (X +Yy) — 221 — 2a(X, y, u)(X +Y))
= 1-22-22&(X, Y, (X + )L — 1?)
< 1—A2.

O

Lemma 5. Assume that the sequenge®, y¢, uk) |k = 0, ..., L} generated by34),
(35)and (36)is contained irG. Then we have

2./2(x0y0 —
Za(x y< Uk < (X y ).
Proof. We have

(by Lemma 3)

L
1
aexk, kU < —_—
k2=(:J k2=(:3 VROXK, yk)
L
Z V2(xkyk — 1) (by (40))
k=0 .
/2(x0y0 — 1) Z V(@A =22k (by Lemma 4)
k=0
L
/2(x0y0 — 1) 2(1 —22/2)K
k=0

/2(x0y0 — 1) 2(1 —22/2)K
k=0
2,/2(x0y0 — 1)

12

IA

IA

IA

IA

Now we are ready to prove the theorem.

Proof of Theorem 1We show thatifix', y', u") € G,, then(x!*1, y*+1 ul*1) € G, from
which the theorem follows by induction. We have

|
“
< A Z&(xk, y&, uk) (sincexXyk > 1)
k=0
/2(x00 —
< w (by Lemma 5)
< 1-p-x° (by (38))

which implies

X|+l < 1— 1.
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Similarly, we have

[
< A 2wk Yk U
k=0
4,/2(x0y0 — 1
< # (by Lemma 5)
< -, (by (38))

which implies
u|+l < 0.

From Lemma 4x't1y'+1 < xkKyk < 3/2 follows. The relationd +1y'*1 > 1 is obvious
due to the choice of the step-size. Ald! < 1 — 5 < 1/3impliesy' ™1 > 1/x!*1 > 3,
fromwhich we haved +14y'*+1 > 3. Therefore(x!*1, y'*+1, u*+1) e G,, which completes
the proof. O

Remark: By replacing 32 with 1+ ¢ and 3 with 2+ 2¢ in the definition (37) of7, the
same analysis provides an initial point arbitrary close to the primal optimal solution but for
which convergence is to a hon-optimal point.

4. THE MT DIRECTION

We will show in this section that the MT direction applied with the primal and dual
interchanged is identical to the HRVW/KSH/M direction for our primal-dual pair of SDP
problems (20) and (21). As is well-known, we can transform the standard form SDP prob-
lem to the dual form and vice versa to get the following primal-dual (3jr, (P) of SDP
problems:

L 0 1
minimize o Z

= 10

e subject to 10 Z=1 00 Z=1 2Z>0 (42)

J 00)*“=> Lo 1)*c=> £=%

maximize —Xx-—y

- . 10 00 0 1

(P){ subjectto X—x(O 0)—y(0 1):(1 0), (43)

X >0,

which is equivalent tdD) and (P). In fact, the feasible solutions fd@P) and (D) are
again given by (22) and (24) whe¢e, y, u) € F.
According to (7), (8), (10) and (11), the MT directigmh X, AX, Ay, AZ) for this
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primal-dual pair at a feasible solutigiX, x, y, Z) is the solution of

((1) 8).AZ - 0 (44)
(8 g)oAZ = 0, (45)
AX—AX((l) 8)—Ay(8 2) = 0, (46)
VXZY2 4 zY2xv 4+ 7Y2AXZ2Y2 = —7Y?x71/? (47)
vzYV24 7212y = Az, (48)

whereV € §(2), or equivalently, (26) and (47) and (48). The following lemma shows that
the MT direction is the same as the HRVW/KSH/M direction in our problem.

Lemma 6. For (X, Z) satisfying(22) and (24) with (x, y, u) € 7°, the systenf47), (48)
and(26)has a unique solutioA Xy, AZnm, V). Let(AXH, AXH, Auy, AZQ) be the
solution of (26), (29), and (30) for the samg X, Z). Then we hav&\Xy = AXy and
AZm = AZy.

Proof. From (29) and (30), it is easy to see thaX is a unique solution of
(XAZZ7 4+ Z272AZX)/2+ AX = —X. (49)

We prove the lemma by showing that (47) and (48) are equivalent to (49) in our case.
In view of (24), we can write

21/2 _ cosf sind
~\ sind cosp J°

whered satisfies co8 > 0 and 2 co# sinf = —u. Putting

vz(p q),
q r

V72 _ pcosd +qsind psind + qcoso
“\ qcosd +rsing qgsing+rcosd |-

we have

Due to (48) and (26), the diagonal component¥ @2 must be 0, i.e.,
pcosd +qsind = 0,
gsind +rcosd = O.

Therefore, we hav@ = r, which implies thal Z1/2 is symmetric.
Now we have

vzY2 =712y = AZ/2,
from which
V =2Y°Az/2=77272"Y?/2
follow. Substituting these relations into (47), we have
(Z7Y2AZXZY? 4 72X AZZ27Y?) )2 + 22 AXZY? = — 712X 7172,
Obviously,(AXu, AZw) is a solution of this system. Multiplying this equation By 1/2

from the right and left, we have (49). Since the solution of (26) and (49) is unique, the MT
direction is unique and identical to the HRVW/KSH/M direction. O
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The following theorem is immediate by Lemma 6.
Theorem 7. Let forany2/3 <n < 1,
Gy ={X,y,\) G |x<1l-n}.

For the long-step primal-dual affine-scaling algorithm using the MT direction, if, given a
step-size parameter, we choose the initial poin®, y°, u% e ¢ to satisfy:

VX0y0 — 1 < Lmin __uo 1 x°
— Zﬁ 2 9 r] 9
then the limit point is contained in the closuregf.

5. THE AHO DIRECTION

We deal with the continuous trajectories of the AHO directions on our problem in this
section. Let us denote the AHO direction ¥ X, Au, AZ). The system for the direction
is (27), (28), and (13), or equivalently, (26) and (13). The third equation, (13), can be
written componentwise as follows:

—2AU  +2AX = 2(u-—x),
—(X+ Y)Au —UAX —UAYy = ux-+uy-—2,
—2AU +2Ay = 2Uu-—y).
Solving these linear equalities, we have
2(1-u?)
AU = ————
u Xty T2 (50)
XV — X2 — —
Ax = 2 — Xy — X° —u(x y)’ (51)
X+ y+2u
2—xy—y*—u(y —x)
A . 52
y X+y+2u (52)

Figure 2 shows the vector field\x, Ay) on the primal feasible region witlhh= —0.5
andu = 0.5. In contrast with the HRVW/KSH/M direction case, the vector field drastically
changes depending en Namely, wheru = —0.5 and(X, y) is near the boundary of the
primal feasible region, the direction is not nearly tangential to the boundary, aiming at
somewhere outside of the feasible region. On the other hand wkef.5, the direction
aims inside. The former observation leads to the convergence of the continuous trajectories
of the AHO direction to a non-optimal point (Theorem 9).

We deal with the trajectory (17), (18) and (19) in the spac oy, u) by using the one-
to-one correspondence (22) and (24). Furthermore, since the trajectory is not changed if we
multiply each right-hand side by a common positive factor, we caltiphyby x + y + 2u
which is greater than 0, to get

XXt = 2-— XYt — th — Ut (X — Yt), (53)
o= 2= XYt — Y — Ur(Y — X, (54)
G = 21-ud). (55)

The equation (55) can be easily solved as follows:

_ (1+uge™ — (1—up)

(14 ug)eM + (1 —ug)’ (56)

Ut
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FIGURE 2. Vector Fields of the AHO method

whereug is the initial value ofu;.
The following properties of the vector field can easily be observed.

Lemma 8. We have

XVt + Yk = Uk — Y02 — 206 Yt — DX + V) (57)
< u(x — w)? (58)
XYt — WX = X — Y@+ u(X + W)). (59)

Proof. We omit subscript in this proof for simplicity. The former equation can be seen
as:

X(2 — Xy — Y2 — uy 4 ux) + y(2 — Xy — x% — ux + uy)
2(X + y) — 2xy? — 2x2y — 2uxy + ux? + uy?

2(X +y) — 2xy(X + y) + u(x — y)?

uX — y)% — 2(xy — DX +y)

u(x — y)2.

Xy + yX

A
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The latter equation can be seen as:

Xy —yX = X(@2—Xy—Yy?—uy+ux)—y@2—xy—x2—ux+uy)
2X — 2y + ux? — uy?
X =Y+ uX+y).

O
Now we restrict our attention to the set
H:={X,y,ueFlu<-1/2, y>16x}. (60)
We then introduce the following change of variables:
ro= JXY (61)
o = %bg% (62)
The inverse mapping is:
re’?,
re’.
Putting
d(x,y,u) :=(r,6,u),
we can easily see that
OH) ={(,0,u) |-1l<u=<-1/2, r>1 6>log4d}.
Now consider the trajectory in the new coordinate system:
(re, 6, Up) = @ (Xt, Vi, Ut) (63)
starting from(ro, g, Ug) € ®(H), and define
f = sup{t>0](r, 6, u) € ®F)}
t = sup{t>0](, 6, u) e dH)}.

We use®, ¥, ), (F, 4, 0), (X, ¥, 0), (F, 6, ) for (¢, V¢, Up), (g, 6, Up), (X, Y, Ug), (5, b, Ug),
respectively, for notational simplicity.
We will prove the following theorem in this section:

Theorem 9. Let the initial point(xg, Yo, Ug) be inH and let(ro, 6o, Ug) = ®(Xo, Yo, Uo)
denote the corresponding point@(X). If
—Up
31+ ug)’
then(x, ¥, Up) € H whereas(x*, y*, u*) ¢ H.

r§—1<|og

The following lemma elucidates the behavior of the continuous trajectoriég’t)

Lemma 10. For 0 <t < t, we have

2
It

6

re — 4t (64)
6o. (65)

IATA
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Proof. It follows from (61) and (62) that

. XYt + YiXe
= — 66
ft 2rt ( )
. XYt — Ykt
0 = ———. 67
' 2rt2 (67)
We have from (66) that
d . ;
a(rtz) = Xt + YXt
< u(x —y)? (Use (58))
< -4 (Sincey — x > 3 andu < 1/2 on'H).

Therefore, we have
2 —rd < —4t.

The second assertion of the lemma can be easily derived from (59) and (67 since 0
and 24+ u(x +y) <2—(x+Yy)/2 < 0onH. O

Now we prove the theorem.

Proof of Theorem 90bviously, ifi = 1,6 > log4, andi < —1/2, then the solution
cannot be extended in the feasible region any more,fi.es,f. Sinced > 6y > log4
follows from (65), we will show thaf = 1 andd < —1/2 in the following.

Sincer; > 1 on®(H), we have from (64) that must satisfy

re—1
4

t<

as far aqry, 6;, ut) € ®(H). In other words, we have

rf—-1 1 1-up

t< < -log—.
4 4 3(1+ up)

(68)

On the other hand, in view of (56), we have

u < 1/2
(1 + ug)e* — (1 - ug)
(1 + ug)e® + (1 — ug)
& (L+upe* — (1 —up) < —((L+upe” + (1 - up))/2
& 3(1+uet/2 < (1 - ug)/2

< =1/2

i lI 1—up
= < -0 —.
42931+

Therefore, from (68), we have < —1/2, and sincef, 6, 0) is at the boundary ob (H),
we havery = 1. O
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6. THE NT DIRECTION

In this section, we prove that the long-step primal-dual affine-scaling algorithm using
the NT direction generates a sequence converging to an optimal point for our SDP problem.
We denote the NT direction b§A X, Au, dZ). To calculate the NT direction, we first
calculate the scaling matri®. From (22), (24) and (15), we see that

1 pX+1 p+u
D_,oa( p+u pY+1)’ (69)

where

o=0(X,y,U)

\/x+y—2u+2,/(1—u2)(xy—1), (70)

1—u?
p=pXyu = Xy —1 (71)

Solving (7), (8) and (14) with (69), we have
(0 +W? — (px +1)

PP
w2\ 52 _ _ _ 12
PP
2 2
PP
w2y 52 _ _ _ 12
_ A=y)p +2U—-y)po— (1 —-u9) (75)
PP
2.2
peo
AU = 76
u p (76)
2 _ _ 12
_ PPty —20+2p(1—u )’ (77)
é
where
¢ =¢X y,u) = (py + D(px + 1) + (0 + u)2. (78)

The figure 3 shows the vector fieldax, Ay) on the primal feasible region withh =
—0.5 andu = 0.5. Note that the direction depends otike the AHO direction does, but
the length of the direction differs from that of the AHO direction; the length of the direction
becomes small ifx, y) is close to the boundary, and in fact, it vanishes at the boundary.
Now imagine that a discrete sequence generated by the primal-dual affine-scaling algo-
rithm using the NT direction approaches the boundar; y, u) € F|xy = 1}. Intu-
itively saying, the movement in theg, y) space becomes smallxly is close to 1, and
insteadu is improved so much that converges to 1, which is the optimal solution. Then
the primal direction(Ax, Ay) aims inside the feasible region, and the stagnation ends.

The following is what we prove in this section.

Theorem 11. For any step-size parametér< A < 1, and any initial point(x, y°, u,

the sequence generated by the long-step primal-dual affine-scaling algorithm for the primal-
dual pair of SDP problem&0) and (21) using the NT direction converges to the optimal
point.
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FIGURE 3. Vector Fields of the NT method

First, we observe that the duality g&ps Z = X + y — 2u is monotonically decreasing.

Lemma 12. We have
x4yt —2ut = (1 —r@)(x +y —2u),
or equivalently,
AX + Ay — 2Au = —(X + y — 2u). (79)

This is a standard calculation, thus we omit the proof. Note that if the duality gap does
not converge to 0, thep[- (1 — &%) > 0, which implie&%k — 0. On the other hand, if
xK + yK — 2uk — 0, then, since the optimal solution is unique, the sequéxitey®, uk)
converges to the optimal solutigh, 1, 1). We use these relations in the following exten-
sively.

Next lemma shows that the sequerik, y¥, uk) converges, and the search direction is
bounded along the sequence.

Lemma 13. We havaxX, yK, uk) — (x®, y®°, u™®), and(AxK, Ayk, AuX) is bounded.

Proof. From (77),Auk > 0 follows. Since{u¥} is an increasing sequence and bounded by
1, the limitu® exists.
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We have from Lemma 12 that
XKy <xO+y0— 200+ 20K < xO4+ y0 — 200 4 2,

which implies thatxK, y¥) is bounded, sincgk > 0 andyX > 0.
By definition (78), we have

p>Xyo+1l>p+1>1

Therefore, sincéxX, y¥, uk) is bounded, we have

XK = @97 ok — (97 + 20K = X — @ = W)oK
k ky2
Pr L= 97 K _ gk Kyk k)2
o 2] ] ok - pa - w2
< - o002 24 2]k - x| 4 fokyk — na - W)
< M

for some positive constarMl. We see in the same way thay® is bounded, and, from
(79), thatAuX is also bounded.

If Xk + ykK — 2uk — 0, obviously the sequence converges to the optimal solution.
Therefore, we deal with the case théit+ y< — 2uk — § > 0. Then Lemma 12 implies
that there exists sonme> 0 such that

oo
[Ja-2a" =
k=0
Taking logarithm of the both sides, we have
o0 o0
logs < Z log(1 — &%) < —x Z&k.
k=0 k=0

Using this inequality, we have
[ [
DI — XK < 3 "k axk| < ~Mlogs < oo
k=0 k=0

for all I, which implies tha{xK} is a Cauchy sequence. Thp&} converges. The conver-
gence of{y} can be shown in the same way. O

Using the lemma above, we prove that the dual iterates converges to its optimal.
Lemma 14. We havaiX — 1.

Proof. Let us assume that™® < 1. Since(x*°, y*°, u®) cannot be an interior point, we
havexKyk — 1.

If &k = o occurs infinitely many times, then obviously — 1, which contradicts the
assumption. Thus we can assume tﬂét: &K for sufficiently largek and thatx'é, — 0.
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On the other hand, we have
of = sup{a |X+aAX >0}
- sup{a D_1XD_1+aD_1AXD_1§O}
= sup{a |Z+a(—Z—-AZ) >0}

_ 11—« —(1—-—ao)u+aAu
= S“p{“ (—(1—a)u+oeAu 1-a )50}

- sup{a <1 (1-a)?—(1-a)l—aAu)?> o}.
Thereforeak satisfies
(1—ak)?— (@ -k —akauk? =0 (80)

SinceAuK is bounded, we have',‘jAuk — 0, which implies that the left hand side of (80)
converges to - (u®)2 > 0, while the right hand side is 0. This is a contradiction, and we
haveu® = 1. O

Now we know thatk — 1, and(x¥, y¥) is converging. We will provexK, y<) —
(1, 1) in the following. To show this, we first show that the limit point is on the boundary
of the primal feasible region.

Lemma 15. We havex®y*>® = 1.

Proof. Assume thak®y>™ = 1+ § > 1. In this case, we have* — 0 and¢* — 2 from
definitions (71) and (78), and alé$ — 0 from Lemma 12. Since

o 1—uk @ —ufek
¥p = AUk (,Ok)z(ak)z
PR XKy — 1)

(LU (X yk = 2uk 4+ 2,/ — URD Yk — 1)
- §/(X®+y*—-2)>0,

we see thak, = & for sufficiently largek and thaw, — 0.
ForaX, we have

of = sup{a |X+aAX =0}

XK + o AxK 1
( 1 VK 1+ a AYK ) 50}

= sup{ o ’ X+ a AX) (Y€ + aAyE) > 1 }

sup{ o

= sup{ a ’ XKyK — 14+ a(XAY + YK AXK) + o?AxKAY > 0 } .
Thereforeak satisfies
AXKAYK @) + XK AYK + YK AxK) el + xkyk —1=0. (81)

However, sincaxX, y€) and (AxK, Ay¥) are bounded, the left hand side of (81) goes to
x®y*® — 1 = 4§ > 0, while the right hand side is 0. This is a contradiction, and we have
XPy* =1. O

The following relation can be seen by a straightforward calculation.
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Lemma 16. We have
(XAY + YAX)p = 2u(X + Yy — 2u) — 8(X, Y, U),
wheres(x, y, u) — Owhenxy — landu — 1.

Proof. We have

XAY + YAX

- ¢—1{x(p<1—y2)+2<u—y>— <1—u2><><y—1>)
+y(p(l—X2)+2(U—X)_ (1—u2)(xy—1))}
= ¢>—1{p<x+y><1_xy>+zu<x+y>—4xy—<x+y> <1—u2><><y—1>}

ot {Zu(x +y—2u)—4(1—u® —4(xy—1)

—2(X + y)\/(l — u?)(xy — 1)} .
Therefore, putting
5%, Y. U) 1= —4(1 — U) — 4(xy — 1) — 20+ y)y/ A — D) (xy — 1),
we have the lemma. O

Now we are ready to prove that the optimality @, y°°). Obviously, this lemma
together with Lemma 17 proves Theorem 11.

Lemma 17. We havaxX, y§) — (1, 1).

Proof. It can be seen that

Xk+lyk+l -1 B (Xk + )\.&kAXk)(yk + )\.&kAyk) -1
xkyk —1 xkyk —1
AaK(xKAYK + yKAXK) 4+ 22542 Axk AyK
= it kyk
XKyK — 1
36K (KK AVK £ VKAXK) - 2 gKdK AxK Avk
=1+“(¢( ye + yAXK) 4+ a4 Y ©2)
PR(xKyk — 1)

We claim thatpXAxKAyK is bounded. Assume by contradictiopk AxKAyX is not
bounded. Then we can take a diverging subsequence, i.e., there exists a subsequence
{0,1,2, ...} such that lime. ¢K|AX*AYK| — c0. SinceAxX and Ay are bounded, we
have linkeL ¢K — o0, and from the definition opX, limkel o — o0, too. Therefore this
is a contradiction because, fore L,

((pk + uk)z _ (pkxk + 1)2) ((pk + uk)z _ (pkyk + 1)2)
(p%)2¢pk
(@4 k0% = K+ 1/p99?) (@ + u*/pM2 = (v + 1/092)
(Y + 1/09(x +1/p%) + (14 uk/p})?
- (L=x®)AQ-y®)/2
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Assume thatx¥, y¥) 4 (1, 1). Then Lemma 12 implies tha — 0. From Lemmas
14, 15, and 16, we have that

XKAYE + YK AXK) K > x® +y* - 2> 0 (83)

for sufficiently largek, while, sincepk AxKAyK is bounded an@k — 0, akpkAxKAYK —
0. Therefore,

XKAYE + YR AXK) gk + aakpkaxkayk > 0
holds for sufficiently largé. This and (82) imply that
Lkl g o ykyk g

i.e., xkyk — 1 is increasing for sufficiently large This contradicts the fact thakyk — 1.
Therefore, we haved®, y¢) — (1, 1). O

7. CONCLUDING REMARKS

The practical success of interior-point thetls for LP relies heavily on the ability to
take the long steps, i.e., stepping a fixed fraction of the way to the boundary for the next
iterate. Even when convergence has not been proved, it is necessary in practice to take
such a long step. For LP, these long steps are very successful, and every implementation
uses bold step-length parameters.

These bold choices of step-length parameters are supported by the robustness of the
primal-dual affine-scaling algorithm (not the Dikin-type variant). It is known that the con-
tinuous trajectories associated with the primal-dual affine-scaling algorithm converge to
the optimal solution, and there is no evidence so far that the long-step primal-dual affine-
scaling algorithm fails to find the optimal solution.

However in SDP, the situation is different; even a continuous trajectory can converge
to a non-optimal point. The results of this paper suggest that, for finding the optimal
solution, such bold steps as are taken in the LP case should not be taken at least for the
HRVW/KSH/M, MT and AHO directions; otherwise, jamming may occur.

It seems that the algorithm corresponding to the NT direction is more robust than those
corresponding to the other directions. The same observation was reported by Todd, Toh
and Tutinai [35].
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