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Interior-Point Methods—The Breakthrough
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Time Magazine Joins In



4

The Wall Street Journal Waits Till 1986
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Even Business Week Adds to the Hype
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AT&T Patents the Algorithm
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AT&T Announces the KORBX System
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The Basic Interior-Point Paradigm (from LP)

Start with an optimization problem—for now, the simplest NLP:

minimize f (x)
subject tohi(x) ≥ 0, i = 1, . . . ,m

Introduce slack variables to make all inequality constraints into nonnegativities:

minimize f (x)
subject to h(x) −w = 0,

w ≥ 0

Replace nonnegativity constraints withlogarithmic barrier termsin the objective:

minimize f (x) − µ
m∑

i=1

log(wi)

subject toh(x) −w = 0

Incorporate the equality constraints into the objective usingLagrange multipliers:

minimize f (x) − µ
m∑

i=1

log(wi)− yT (h(x) −w)

Set all derivatives to zero:

∇ f (x) −∇h(x)T y = 0

−µW−1e + y = 0

h(x) −w = 0
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Rewrite system:

∇ f (x) −∇h(x)T y = 0

WY e = µe

h(x) −w = 0

Apply Newton’s method to computesearch directions,1x ,1w,1y: H(x, y) 0 −A(x)T

0 Y W
A(x) −I 0

 1x
1w

1y

 =
 −∇ f (x) + A(x)T y

µe − WY e
−h(x)+w

 .
Here,

H(x, y) = ∇2 f (x) −
m∑

i=1

yi∇2hi(x)

and
A(x) = ∇h(x)

Use second equation to solve for1w. Result is thereduced KKT system:[ −H(x, y) AT (x)
A(x) WY−1

][
1x
1y

]
=
[ ∇ f (x) − AT (x)y
−h(x) + µY−1e

]

Iterate:
x(k+1) = x(k) + α(k)1x(k)

w(k+1) = w(k) + α(k)1w(k)
y(k+1) = y(k) + α(k)1y(k)
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Modifications for Convex Optimization

For convex nonquadratic optimization, it does not suffice to choose the steplengthα

simply to maintain positivity of nonnegative variables.

• Consider, e.g., minimizingf (x) = (1+ x2)1/2.

A merit function is used to guide the choice of steplengthα.

We use the Fiacco–McCormickmerit function

9β,µ(x, w) = f (x) − µ
m∑

i=1

log(wi)+ β2‖h(x) −w‖
2
2.

Define thedual normal matrix:

N (x, y, w) = H(x, y) + AT (x)W−1Y A(x).

Theorem 1. Suppose thatN (x, y, w) is positive definite.

(1) For β sufficiently large,(1x,1w) is a descent direction for the merit function
9β,µ.

(2) If current solution is primal feasible, then(1x,1w) is a descent direction for the
barrier function.

Note: minimum required value forβ is easy to compute.
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Open Problems

(1) Prove thatx(k) converges to an optimal solutionx∗, whenever one exists.

(2) Prove thatx(k) converges to withinε of optimality in O(n log(1/ε)) iter-
ations (or better).

Related Ref: Vanderbei,Linear Programming: Foundations and Extensions, 1997.

(3) Find acertificateof infeasibility.
Related Ref: Ye, Todd, and Mizuno, “AnO(

√
nL)-iteration homogeneous and self-dual

linear programming algorithm”,Math. of Op. Res., 1994.

(4) Replace discrete steps with infinitesimal steps to get a first-order nonlin-
ear system of differential equations. Study the limiting behaviour of the
solution.

Related Ref: Adler and Monteiro, “Limiting behavior of the affine scaling continuous

trajectories for linear programming”,Math. Prog., 1991.
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Applications
Antenna array weight design.

Finite impulse response (FIR) filters.

Structural optimization.

Euclidean multifacility location.

Minimal Surfaces.

Markowitz model for portfolio optimization.

Etc., etc., etc.

See: http://www.sor.princeton.edu/∼rvdb/ampl/nlmodels
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Antenna Array Weight Design

minimize ρ

subject to |A(p)|2≤ ρ, p ∈ S

A(p0)= 1,

where

A(p) =
∑

l∈{array elements}
wle
−2π i p·l, p ∈ S

wl = complex-valueddesign weightfor array elementl

S = subset of unit hemisphere: sidelobe directions

p0 = “look” direction

Classification: convex, quadratic constraints, linear objective

Specific Example: Hexagonal Lattice of 61 Elements

ρ = −20 dB= 0.01

S = 889 points outside 20◦ from look direction

p0 = 40◦ from zenith

constraints 839
variables 123
time (secs)

LOQO 722
MINOS >60000
LANCELOT 55462
SNOPT —
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Finite Impulse Response (FIR) Filter Design

minimize ρ

subject to
∫ 1

0
(Hw(ν)+ Hm(ν)+ Ht(ν)− 1)2 dν ≤ ε∫

W
H2
w(ν)dν ≤ |W |ρ W = [.2, .8]∫

M
H2

m(ν)dν ≤ |M|ρ M = [.4, .6] ∪ [.9, .1]∫
T

H2
t (ν)dν ≤ |T |ρ T = [.7, .3]

where

Hi(ν) = hi(0)+ 2
n−1∑
k=1

hi(k) cos(2πkν), i = w,m, t

hi(k) = filter coefficients, i.e.,decision variables

Classification: convex, quadratic constraints, linear objective

Specific Example: Pink Floyd’s Money

filter length:n = 54

constraints 4
variables 85
time (secs)

LOQO 11
MINOS 51
LANCELOT 38
SNOPT 14



16



17

Structural Design

minimize −pTw

subject to
V

Ae
wT Kew≤ 1, e ∈ E

where

p = applied load

w = node displacements;optimization vars

V = total volume

Ae = thickness of elemente

Ke = element stiffness matrix (� 0)

E = set of elements

Classification: convex, quadratic constraints, linear objective

Specific Example: Michel Bracket

element grid 40x72 20x36 5x9
constraints 2880 720 45
variables 5965 1536 112
time (secs)

LOQO 412 89.7 2.32
MINOS ∞ (IL) (BS)
LANCELOT ∞ ∞ 15.73
SNOPT - (IS) (BS)
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Minimal Surfaces

minimize
∫∫

D

√
1+

(
∂u

∂x

)2

+
(
∂u

∂y

)2

dxdy

subject to u(x, y) = γ (x, y), (x, y) ∈ ∂D.

where

D = domain inxy-plane

u(x, y) = height of surface abovexy-plane, i.e.,optimization variables

γ (x, y) = boundary data

Classification: smooth, convex.

Specific Example: A “Chair”

D = Square

γ = concave parabolas on each side

discrete grid 41x41
constraints 172
variables 1849
time (secs)

LOQO 13
MINOS 3652
LANCELOT 100
SNOPT 2963
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Multifacility Location

minimize
m∑

i=1

n∑
j=1

wi j‖x j − ai‖ +
n∑

j=1

j−1∑
j ′=1

v j j ′‖x j − x j ′‖.

where

ai = location of existing facilities, i = 1, . . . ,m

x j = location of new facilities, j = 1, . . . , n

Classification: convex but not smooth.

Specific Example: Randomly Generated

m = 200

n = 25

Usedv-perturbation for smoothing.

constraints 0
variables 1849
time (secs)

LOQO 2.3
MINOS 9.7
LANCELOT 11.0
SNOPT 4.7
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