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A Problem and Its Dual

maximize ¢’z minimize by
subject to Ax <b subject to ATy > ¢
20 y>0
Add Slacks
maximize c'z minimize by
subjectto Axr+w=0> subject to Ay —z=c

x,w=>0 y,z2>0



Consider .
maximize 3x; + 4xy — 213
subjectto xz; + 0.529 — dx3 < 2
201 — To + 3x3 < 3
L1, T2, T3 2 0.
Add slacks:
ry + 051'2 — 5333 + wy = 2
2331 — Ty + 3[173 + Wy = 3.

Cast constraints into matrix notation:

1 05 =51 07|%| T2
2 -1 30 1 - |




An Example

Consider .
maximize 3x; + 4xy — 213
subjectto xz; + 0.529 — dx3 < 2
201 — To + 3x3 < 3
Xy, To, X3 2 0.
Add slacks (using x's for slack variables):
ry + 0533’2 — 5333 + 2y = 2
2[171 — Ty + 355'3 + x5 = 3.

Cast constraints into matrix notation:

1 05 =51 07 %| T2
2 -1 30 1 - |




Similarly cast objective function:

- 3_T_x1_
4 L9
—2 X3
0 Ty

| O_ _1'5_

In general, we have:
maximize ¢’z
subjectto Ax=10
x> 0.

Important Note: This A matrix is not the same as what we had back on the first slide.



Down the Road

Basic Variables: x5, xs.
Nonbasic Variables: x;, z3, 4.

ol
Ay — [1 05 =5 10 -
YT l2 -1 301 3
Ty
_ZC5_
| x4+ 052y — bxy + w4
o _25[)1 — Ty + 3333 + I5

[ 0.5z + x; — bx3 + T4
| X2 + I + 2331 + 35173
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= Bxg+ Nay.



General Matrix Notation

Up to a rearrangement of columns,

Constraints:
Ar=b <= Baxg+ Nzxy=0>

Objective:
(=cr < cpg+cyay

Matrix B is m X m and invertible! Why?



Dictionary in Matrix Notation

Express x5 and ( in terms of x:
rp = B_lb— B_lNCIJN‘
( = cpap+ Cpn

T
= cxB7'b— ((B‘lN)TcB — CN) T

Dictionary in Matrix Notation
¢ = B — ((B'N)Teg—cy) xy
xg = B7'b — B !'Nuay.



Example Revisited

(050 Lo [20



Sanity Check

C = 35171 + 4332 — 2$3

ry = 2 — x; — 0.bz9 + D

Ty = 3 — 2£l?1 + Ty — 31‘3.
Let x, enter and x, leave.

C = 16 — 533'1 — 8.’174 -+ 381133

Ty = 4 — 25131 — 21’4 + 10$3
rs = ( — 4xy — 2x4 +  Txs.



Dual Stuft

Associated Primal Solution:

zh = 0
* —1
Ty B'b
Dual Variables:
(X1, Ty Wy e ey W) — (T4, ey Ty Tty -+ - s T
(zla'“azmyl;'-':ym) — (zla-“aznazn—i-la-"7zn+m)
Associated Dual Solution:
2 = 0

zvy = (B7'N)'eg —cp

Associated Solution Value:
"= ch_lb

10



Primal Dictionary:

Dual Dictionary:

— Zi oy

rg = x5 — B 'Nuzy.

TS
|
N

*

T

I (B_lN)TzB.
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What have we gained?

1. A notation for doing proofs—no more proof by example.

2. Serious implementations of the simplex method avoid ever explicitly forming B~1IV.
Reason:
e The matrices B and N are sparse.
e But B! is likely to be fully dense.
e Even if B! is not dense, B! N is going to be worse.
e It's better simply to solve
Bxg=0— Nuxy
efficiently.
e This is subject of next chapter.
e We'll skip it this year.
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Primal Simplex

Suppose x5 > 0

while (23, 2 0) {
pick j € {j € N1z <0}
Azg = B™'Ne;

—1

AZC’Z‘

t = | maxep
pick i € argmax;.z——
Azy = —(B'N)le
%
i
AZ]'
T < t,
2F 4= 8,
BB\ {i}ulj}

S =

a:;g, — x}; —tAzp

— sAzy

Dual Simplex

Suppose 23, > 0
while (x5 2 0) {

picki € {t e B:z; <0}
Azy = —(B'N)le,
1
AZ]'
J

S =

. ) AZj
pick j € ALGINAX;cp
J

Azg = B 'Ne;

L T
Azx;

Ti < t, x%%x};—tAa;B

2] 4 s, 2 2n — sAzy

BB\ {i}u{i}
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Symmetry Lost

B appears in both the primal and the dual dictionary.
B is m x m. Why not n x n? What's go'in on?

A Problem and Its Dual

maximize ¢’z minimize by
subject to Ax <b subject to Afy > ¢
x>0 y>0
Add Slacks
maximize c'z minimize by
subjectto Arxr+w=0> subject to A'y —z=c
r,w >0 y,z2 >0
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New Notations for Primal

A=[AT], a:[é], x:[i]
New Notations for Dual
2 L T - L O A zZ
A_[—JA}, b_[b, i=|,
Primal and Dual
maximize ETQ_S minimize 72
subject to AT =10 subject to Az=rc¢
x>0 z2>0
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Symmetry Regained...

On the Primal Side: On the Dual Side:
R \7 D, A A
[AT] %[N B] BraEy
Now Multiply: And Again:
DN _ _ AT A —
AAT = | N B][f\?ﬂ,] AAT = [A I][AI]
_ NBT L BNT = —A+A=0

The Two Expressions Must Be Equal:
NB" + BNT =0
But That’s the Negative Transpose Property:
_ AT
BN = - (B7'N)
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